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Abstract. In this paper we define the notion of a Higgs bundle over a non- 
oricntablc manifold S whose orientable double cover E is complex and use 
Higgs bundles to study the moduli space of representations of the fundamental 
group of E into a complex semisimple Lie group. When the orientable double 
cover E is also compact and Kahler we prove that the Donaldson-Corlette 
correspondence holds on E. When E is a compact Riemann surface we use 
this to (a) describe the moduli space of Higgs bundles on E as the fixed point 
set of an involution and (b) study the symplectic structure on the moduli 
space. 



1. Introduction 

Let M be a compact Kahler manifold and G a complex semisimple Lie group. 
Given a topologically trivial bundle P — > M with structure group G, the nonabelian 
Hodge theory due to Hitchin, Simpson, Donaldson and Corlette ( [Hil| . [Slj . |S2j . 
|D2| . [C] ) describes three homeomorphic moduli spaces: 

• (Dolbeault) the moduli space of semistable Higgs bundles on P, 

• (de Rham) the moduli space of flat connections on P, and 

• (Betti) the moduli space of representations Hom(7Ti(S), G)//G. 

The homeomorphism between the Betti and de Rham moduli space is given by 
the well known correspondence between flat connections and their holonomy rep- 
resentations. To complete the picture we need another moduli space: the Hitchin 
moduli space, originally defined in [Hilj via a hyperkahler quotient construction. 
The nonabelian Hodge theory then divides into two parts: Hitchin and Simpson 
identify the Dolbeault and Hitchin moduli spaces and Donaldson and Corlette iden- 
tify the de Rham and Hitchin moduli spaces. 

In this paper we prove an analog of the Donaldson-Corlette theorem for a nonori- 
entable manifold whose orientable double cover is compact and Kahler. As a con- 
sequence we show that the smooth part of the associated Hitchin moduli space is 
the fixed point set of an involution on the Hitchin space for the orientable double 
cover, and that there is a symplectic structure on the subset of smooth points in 
this space. 
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In order to state the main results we first need to outline the definition of a Higgs 
bundle on a nonorientable manifold (see Section [2] for more details). Let E be a 
nonorientable manifold, let E be the orientable double cover of E with covering map 
7r : E — >• E and suppose that E has a complex structure. Let P c — > E be a principal 
bundle with complex reductive structure group G, and let P c := n*P c denote the 
associated principal G-bundle over E. Pullback by n gives an injective map from 
connections on P c to connections on P c . Let K be the maximal compact subgroup 
of G. A reduction of structure group from P to a principal K-h\md\e P induces 
a reduction of structure group from P c to P := ir*P (analogous to the extra data 
of a Hermitian metric of the fibres of a vector bundle). Given this reduction of 
structure group, there is a well-defined notion of a Higgs bundle on P c (see Section 
12.41 for more details) and our goal is to use this to define Higgs bundles on P c . 

The nontrivial deck transformation r : E — > E induces an involution on the 
space of connections on P c which fixes the connections in the image of tt* (i.e. 
those coming from the nonorientable manifold). We consider the fixed points of 
this involution and define a Higgs bundle on P c — > E to be a connection that pulls 
back to a Higgs bundle on P c . Equivalently, we can also write down the equations 
that a connection on P c must satisfy to be a Higgs bundle (see (|2.Iip ). Note that 
the definition of a Higgs bundle depends on the choice of reduction of structure 
group from P c to P. 

From the definition of a Higgs bundle, we can define the space of Higgs bundles, 
denoted A Hl " s , and the space of solutions to Hitchin's equations (|2.12|) . denoted 
^Hitchm _ rpj^ rnol j M y l S p ace of solutions to Hitchin's equations is then the quotient 

j^Hitchin j^Hitchin In 



Recall from |G2] the definition of a reductive representation 7Ti(E) — > G. A flat 

connection on P c is defined to be reductive if and only if the associated holonomy 
representation tti(E) — > G is reductive. The Betti moduli space is the quotient of 
the space of reductive representations by the conjugation action of G. 



Inside the space A^ lat of flat connections on P c there is the space j[^ lat ' red of 
flat, reductive connections. Taking the holonomy representation of a flat connection 
identifies Jvl Bettt with the de Rham moduli space 




M 



Betti 



(E, G) := Hom^ME), G)/G 



M dR ,_ A fl 
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In Section[3]we prove the first main theorem, which is an analog of the Donaldson- 
Corlctte correspondence for nonorientable manifolds. This allows us to describe the 
character variety of E via the theory of Higgs bundles. 
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Theorem 1.1. Suppose that the orientable double cover of E is compact and 
Kdhler. A flat connection D on P c — > E is reductive if and only if there exists 
a reduction of structure group from P to P such that D — dj± — iif> is a Higgs 
bundle. If such a reduction of structure group exists then it is unique. 

Equivalently, given a fixed reduction of structure group from P c to P , a flat 
connection D on P c — > £ is reductive if and only if there exists a complex gauge 
transformation g £ G C such that g ■ D is a Higgs bundle. The gauge transformation 
g is unique up to the action of Q . 

When £ is a compact Riemann surface, then a further investigation of the gra- 
dient flow using the methods of DWW shows that there is a Q-equi variant defor- 
mation retract from j[f lat , red to j[ Hltchm ) i. e . the induced map M Bettl = M dR -» 
j\4 Hltchm i s continuous. 

Theorem 1.2. There is a homeomorphism j^[ Hltchm ^ M. Bettt . 

There is a natural involution on the character variety of the double cover £, 
given by the induced action of r on 7i"i(£). In Section 3] we prove the next main 
theorem, which describes the character variety of £ as a subset of the fixed point 
set of this involution. 

Theorem 1.3. Let G be a complex semi-simple Lie group. The fixed point set 
(Hom(vri(E), G) smooth /G) r of the smooth moduli space Hom(7Ti(£), G) smooth /G un- 
der the involution r consists of complex submanifolds Ao, N\ r for 1 < A r < 
\Z(G)/2Z(G)\ - I, where 

(1) 7V = f P r (N^ ooth ), N\ r d = P r (N^ mooth ), and X r is the image of r £ Z{G) 
under the map Z(G)/2Z(G) \Z(G)/2Z(G)\ C NU{0} where the identity 
element ec is sent to 0. 

(2) The smooth moduli space Hom(7Ti (£), G) slmp //G over the nonorientable 
surface is a \Z(G)/2Z(G)\ : 1 covering space of the submanifold Ao- In 
particular, if \Z(G)\ is odd, then Hom(7Ti(E), G) slmp //G is homeomorphic 
to the fixed point set (Hom(7n(E), G) smootll /G) T since it only contains Ao 
in this case. 

(3) Assume further that G is simply connected. Then the Betti moduli space 
Hom(7Ti (E), PG) jj PG for the nonorientable surface E with structure group 
the projective group PG = GjZiG) is a disjoint union of p(C r //G) for all 
r £ Z(G)j2Z(G), where p is the universal covering map G — > PG. More- 
over, each Cr lmp //G is a \Z{G)/2Z{G)\ : 1 covering space of the submani- 
foldN Xr - 

Theorem 11.11 above shows that the character variety of E corresponds to a sym- 
plectic quotient of the space of flat connections. This leads to the next theorem, 
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proved in Section [5j which shows that the moduli space of solutions to Hitchin's 
equations has a symplectic structure. 

Theorem 1.4. The smooth part of j^\ Hltchm j s a symplectic manifold. 

In view of the theorem above, it is natural to ask whether there are any smooth 
points in M Hltchm ^ M dR ^ j^Betti anc ^ g0 ^ ^ ow to characterise them. In 
other words, we want to study the deformation theory of the character variety of 

S. This is the main result of the paper |Tl\V . where we give criteria for points in 
M Betu ^ M dR tQ be sm00t h. 

There are also a number of other interesting questions that remain unexplored. 
Firstly, in analogy with the nonabelian Hodge theory for compact orientable Kahler 
manifolds, one would like to study the quotient of A Hl " s by the action of the 
complex gauge group, where the action is the usual one on the space of Higgs 
bundles from |Hilj (note that this is different to the natural action of Q c on J±j lat 
from [C] that is used in this paper). One can also define Higgs bundles with respect 
to real reductive groups as in [Hi2j and study these moduli spaces. 

Acknowledgements. We would like to thank the Institut Henri Poincare and 
the organisers of the program "Geometry and analysis of surface group represen- 
tations", held in January-March 2012. We would also like to thank Bill Goldman, 
Siye Wu and Eugene Xia for useful discussions. 

2. Preliminary and setup 

2.1. An involution on the space of flat connections. Let £ be a nonorientable 
manifold and let ix : £ — > £ denote its orientable double cover such that £/r = £ 
where r is the nontrivial deck transformation on £. For the definition of a Higgs 
bundle we assume that £ is compact and complex, for the Donaldson-Corlette 
theorem in Section [3] we assume that £ is compact and Kahler, and for the results 
of Sections [4] and [5] we assume that S is a compact Riemann surface. 

Let if be a compact connected semi-simple Lie group and let G denote its com- 
plcxification. Let P be a principal if-bundle over £ and P := ir*P the pull back 
bundle over S. Denote by A =: A(P) = f^^adP) the space of all connection 
1-forms on P and A =: A(P) = adP) the space of all connection 1-forms on 

P. (Note that a priori A(P) and A(P) are affine spaces, and the identifications 
given above involve the choice of a connection.) We use P c and P c to denote the 
associated bundles with structure group G — K . 

The cotangent bundle of A{P) is 

T*A =: T*A(P) S {(A, a) € T*A{P) \A,aE fl^E, adP)} 



HIGGS BUNDLES OVER A NONORIENTABLE SURFACE 



5 



and the cotangent bundle of A(P) is 

t*a =-. T*A(P) = {{8, e T*A(P) | 6,te adP)}. 

Moreover, one may say that A + ^/~^la e fi^E, adP c ) = _4(P C ) and + v 7 "^ € 
fi 1 (E,adP c ) = A(P C ) where again we have chosen a connection for these iden- 
tifications. Thus we have identifications T*A(P) = Q. 1 ('E,adP c ) and T*A(P) = 
^(E.adP ). 

The nontrivial deck transformation r on E induces many involutions on P. 
Choose r : P — > P such that P/t = P. This involution r induces involution 
r* on ft*(E,adP). 

The projection 7r : E — > E induces an inclusion n* : i7*(E,adP) <—t Q*(E,adP) 
and it interacts with the induced involution r* on A(P), T*A{P) 1 and f2*(E,adP) 
as follows: 

t* : A(P) -> -4(P), (-4(P)) T * - tt*(^(P)) = A(P) 

t* : T*A(P) -> TM(P), (T*i(P)) T * = 7r*(P*^(P)) Si TM(P) 

r* : ft*(E,adP) -> Q*(E,adP), (fT(E, adP)) T * = tt*(Q*(E, adP)) S Q*(E,adP) 

Lemma 2.1. Lei (M,g) be a compact orientable Riemannian manifold of dimen- 
sion m. Let t be an orientation reversing isometric involution on M and * the 
Hodge star operator on M. Then r* * = -*t*8 for all 8 e fi*(M). 

Proof, wc know that * : fl k (M) -> VL m ~ k {M), 8 ^ * 8 is defined by 8 A * = 
g(8,8) dvol(g). Since t is an orientation reversing isometric involution on M, wc 
have 

(t*8) A (t* * 8) = t* (8 A * 8) = —8 A * 8 = -g{8, 8) dvol( 5 ). 
On the other hand, we know that 

(t*0) A * (r*0) = 5 (r*0, r*0) dvol(.g) = 0) dvol(g) 
by the definition of the * operator and r being isometry. Thus, we have 
(t*6) A (t* * 6) = ~{t*6) A (* t*6), i.e. t**8 = -*t*8 
for all 61 e fi*(M). □ 

A similar argument shows that this is also true for any e fi*(E, adP). 
Lemma 2.2. Given 8 e 1 (E,adP) and £ e 0*(E,adP) ; we have 

(1) T*(d e ^) = d T , e T*C 

(2) T*{*d e * f) = *d T . -k T *£. 

(3) r*(d e *0 = -dr'fl*r*e- 
w/iere * is i/ie Hodge star operator on E. 
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Proof. (1) T*(det) = T*d$ + T*[9,t]=dT*t + [T*9,T*Z] = dT*eT*t. 
(2) 

-r*(*d 8 *£) = r*(*d* £ + 

= — * T*(d* £) — *r*[0,*£] because r** =— * r* 
= *d* t*£ + * [t*6>,*t*£] used again r** = — * t* 
= *d r » (*-r*£) 

(3) 

= dr*(*£)+r* 

= -d* t*£-[t*0,*t*£] used t**=-*t* 

□ 

Given A e fi 1 (S, adP) and a € Q*(£, adP), let A and a denote the respec- 
tive lifts to f2*(£,adP), i.e. ir*(A) = A and 7r*(a) = a. Lemma [2T2l implies that 
r*(d A a) — d A a and r*(d*^a) = d*^a, since j4 and a are both r*-invariant. More- 
over, d A a — d A a if we define d A a =: da + [A, a]: 

7r*(dAaO = n*(da + [A,a]) = dn*a + Tr*[A,a] = d(ir*a) + [Tr*A,Tr*a] 
— d^' a(k* a) = dj^a 

From the above discussion, we can make the following definition: 

Definition 2.3. Given A <E Q 1 (S,adP), the operators d A , d* A : fT(£,adP) -> 
J7*(E,adP) are defined by 

dACt := da + [A, a] 
d* A a:= (n*)-\d* A a) 

for any a £ fi*(E,adP). (Recall that tt* : Q*(£,adP) — > il*(E,adP) is infective, 
so the inverse (7r*) _1 is defined on the image of ir* .) 

On the space fT(E,adP), there is a well-defined inner product < •, • >g (cf: 

m- my- 

< £, V >t = [j A * V = f Tr(H A * r,*), C, V G adP) 

where 77* means that one takes the complex conjugate of the Lie algebra part. For 
example, K — U(n) or SU(n), < £,77 >£= — Tr(£ ^ * ? ?) s i nce their Lie algebras 
are skew-Hermitian matrices. 

If we take the L 2 completion f2*(£, adP)^2, then the inner product < £, r\ >g. 
gives this the structure of a Hilbert space, and the r*-invariant part fl*(E, adP) r 
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is also a Hilbert space since Q*(E, acLP) T is a closed linear subspace of f2*(E, adP). 
Thus, it makes sense to define an inner product on f2*(E,adP) via the inner prod- 
uct on f2*(E,adP) since one can identify fi*(E, adP) with the r* invariant forms 
ft*(E,adP) r *. 

Definition 2.4. The inner product on 0*(E,adP) is defined by 

< a,P > s =: [ SAi /3 a, /3 G ft*(E, adP) 
is 

Lemma 2.5. TTie operator d* A defined in Definition \2.3\ is the adjoint of d^ with 
respect to this inner product. In other words, < dAU, /3 >s=< a,d A /3 >£. 

Proof. 

< d^a, (3 >■£ — J dj^aA*P 

d A a A ★ /3 by definition of dA 

E 



/ a A* d*zP d* A is the adjoint of d A on fT (E, adP) 
a A* d A f3 by definition of d* A 



'E 

= <a,d A 0>x 

Thus, dA is the adjoint of d* A with respect to the inner product < •, • >£. □ 
Proposition 2.6. The energy functional 

f : T*A -> M, (0, >-> IK£|| 2 =< dU, d* e d > t 
is t* -invariant, for any (0,f) G T* A; i.e., /(t*0,t*£) = f{6,£), V(6», ^) G T*A. 



Proof. 

f( T *9,T*Z) = j_d* T , e T*(iA*d* T , e T*(, 



I T * (dg€) A * t* (dg£) by Lemma [21 
Ji 

~ J. T * ( d *e£ A * d *e0 since t**= -*t 



= / d*g^ A -k dgt; since r is an orientation reversing isometry on E 
=<dU,dU> t =f(0,O. □ 

In fact, more is true: If a function F is defined by F(u>) =; cj A * w whenever 
this integral makes sense and r is an orientation reversing isometry on E, then 

F(t*uj) = / t*cjA*t*o; = - / t*(uj A* w) = / wA*cj = / wA*cj = P(cj). 

JE JE "MS) is 
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In other words, F is always r* -invariant. 

Let Q (respectively Q, Q c and G c ) denote the gauge group of P (respectively P, 
P c and P c ). We can identify the gauge groups Q of P and gauge groups Q c of P c 
with the subgroups of r-invariant gauge transformations in Q and Q c respectively, 
i.e. Q S g T and G c = 

2.2. Representations and the involution. Let Eq be the closed, compact, con- 
nected, orientable surface with t > handles. Let Sj be the connected sum of Eq 
and MP 2 , and let be the connected sum of Eq and a Klein bottle. Any closed, 
compact, connected surface is of the form E^, where t is a nonnegative integer, 
i = 0, 1, 2. E| is orientable if and only if z = 0. Use 1 as the identity of 7Ti(E). We 
have 

e 

7ri(E§) = (Ai,Bi,...,^,B / |IJ[^ i ,S i ] = l) 

Tri(El) - (A 1 ,B 1 ,...,A e ,B e ,C\l[[A i ,B i ] = C 2 ) 

e 

mpl) = (A 1 ,B 1 ,...,A e ,B e ,D,C\l[[A i ,B i ] = CDC- 1 D) 

»=1 

Let E = Ef, where i = 1,2. Then E is homeomorphic to the connected sum 
of 2t + i copies of MP 2 , and its orientable double cover E is E^ +I_1 , a Riemann 
surface of genus 2t + i — 1 . 

Notation 2.7. In the rest of this paper, we will use the following notation: 

Denote the 2t-vector by V = (a\, b\, . . . , ae, be) € G 2i . Define m(V) and t(V) by 

e 

(2.1) m(V) = ;Q[ ai ' 6i ] 

i=l 

(2.2) t(V) = {b e ,a i ,...,b 1 ,ai) 

Then m(r(V)) = m(V)- 1 . Let gVg^ 1 denote (gaig- 1 , ghg^ 1 , . . . , ga^g- 1 , gbig- 1 ) 
for geG. 

With the above notation, the representation varieties Hom(7Ti(E), G) can be 
written as follows: 

Hom( 7 r 1 (E £ ),G) = {V £ G 2e | m(V) = e G } 
Hom( 7 r 1 (E £ 1 ),G) = {(V,c) | V G G 2 ^, c e G, m(V) = c 2 } 
Hom(7ri(E^),G) = {(V, d, c) | V G G 2 \ d, c £ G, m(V) = cdc^d} 

where ea denotes the identity element of G. 
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The symmetric representation varieties of flat connections are 
Z^(G) = {(V,c, W) | V,V G G 2t , c,c' G G, m(V0 = cc',m(V) = c'c} 
^flft( G ) = {(V, d, c, V, d', d) | V, V € G 2f , d, c, d', c' G G, ro(V) = cd'c^d, 

m(V) = c'dc'^d'} 

We call this the two base point Horn space. Let G x G act on Z^ t (G), Z^ 2 t (G) by 

(31,32) • (V,c, V'.c 7 ) = (3iV"g 1 " 1 ,5iC5 2 ' 1 ,g2V"'5 2 ' 1 >32cV 1 )> 
(31,32) • (V,d,c, F',d',c') = (giVgY 1 , gidgY 1 , gicgz 1 , g2V' g^ 1 , g 2 d' g^ 1 , g2c' gi 1 ), 
respectively, where V, V £ G 21 and 31, 32) c , c ', d, d' G G. 

Recall Lemma 2.3 and 2.4 from [HL : 
Lemma 2.8. For i = 1,2, define ^ : G 2{2l+i ^ -> G 2 ^" 1 ) by 
^{V,c,V',c') = (VictfOc- 1 ), 

$^, 2 (t/,d,c,F',d',c') = (y.ir^t^Oc" 1 ^^ 1 ,^). 

w/iere V, V" £ G 2<! , c,d,c',d' G G. TTien 

*G(<at(G))=Hom(^ 1 (S^- 1 ),G). 

Since G is not necessarily a compact Lie group, not all of the orbits in Hom(7Ti(5]), G) 
are closed. In order for the quotient spaces to be Hausdorff, we need to take the 
categorical quotients Hom(m, G)//G and Z^ t (G)//G x G, where the quotient jj 
identifies orbits whose closures intersect. 

A priori, a point in Hom(7Ti,G) that corresponds to a point in Z^ t (G) whose 
G x G-orbit is closed may itself have a non-closed orbit in G, and vice versa. 
However, the relation between the two spaces gives us the following lemmas: 

Lemma 2.9. The G x G-orbit of (V, c, V , c') G Z^ t (G) is closed if and only if the 
G-orbit of^(V,c,V',c') = (V,cr(V')c -1 ) is closed. 

Proof. Suppose the G x G-orbit of (V,c, V, c') G Z^ t (G) is closed. We want to 
show that, if {g n } is any sequence in G such that linin^oo g n (V, ct(V') c~ 1 )g~ 1 
exists, then there exists an h G G such that 

lim ^(V.ct^Oc- 1 )^ 1 - M^cr^Oc- 1 )^ 1 

n— too 

(since if the limit doesn't exist, then closedness is automatically satisfied). 
Since all the entries in linin^,^ g n cx(V )c~ 1 g~ 1 exist, their product 
lim g n cm(V')c~ 1 g n = lim g n cc'g n 

n—too n—too 

exist also (where we used the relation that m(V) — c'c), and linin^oo <7„(cc') _1 g^ 1 
exists as well. Thus 

lim g n {c')- l V'c'g- 1 = lim (g^c 1 )- 1 ^ 1 g^ncY' c' 1 g-^cc 1 g^ 1 ) 
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exists also. 

Define two sequences = g n } and {g^ = g„(c') -1 } in G. Then 
lim (g 1 n )V(g 1 n )- 1 = lim (g n )V(g n )- 1 

n— >oo n— >oo 

Jim (^)c(^)" 1 = Jim (g^cc'ig^ 1 
lim (glWigl)- 1 = lim ( 5 „)(c')" ^'(c')^)" 1 
lim (.g^c'Cg^)- 1 = lim (<?„)(c')-y (s^)" 1 - e G 



all exist. Since the G x G-orbit of (V, c, 1/', c') is closed, it means that there exists 
an (hi, /12) € G x G such that 



lim ^) • (V, c, V , c') = (hi,h 2 )- (V, c, V, c'). 

n— >oo 

In other words, we have 

lim (g 1 n )V(g 1 n )- 1 = lim (g n )V(g n )- 1 - hVh? 

n— ¥00 n— ¥00 

lim (gli)^^ 1 = lim (5n) cc '(5n) _1 = ft-lC^ 1 

n—>oo n—>oo 

lim (g^y'Cg^)- 1 = Km (g n )(c'y VVXSn)" 1 = ^^'^ 
lim (g^c'^i)- 1 = lim (,g n )(c'r V^)" 1 = e = h 2 dh\ 



V 

>u-l 



which gives 

lim g n cV'c- l g- 1 = lim (g n cc> g^g^c')- 1 V c' g-^g^cc')- 1 9^) 

n— >oo n— >oo 

= h 1 ch^ 1 h 2 V'h^ 1 h 2 c- 1 h^ 1 = h^cV'c- 1 )^ 1 . 

Thus we have 

lim g^cV'c-^g- 1 = hi(V, cVc" 1 )/^, 

n— >oo 

and since {g n } is any sequence in G, this proves that the G-orbit of (V, cV'c^ 1 ) is 
closed. 

Now suppose that the G-orbit of (V^cV'c^ 1 ) is closed. We want to show that 
the G x G-orbit of (V, c, V, c') is closed. Let {g^} and {g%} be two sequences in G. 
Assume that lim„^. 00 (^, g%) • (V, c, V',c') exists. Then 

lim g\ ■ (V,cV'c-') = lim (g'V (g^ 1 , (flic^)- 1 )^'^)- 1 )^- 1 ^)- 1 )) 

exists also, and since the G-orbit of (V, cV'c^ 1 ) is closed, this implies that there is 
an h e G such that lim^oo g\ ■ (V, cV'c^ 1 ) = h ■ (V, cV'c^ 1 ). Clearly 

lim m^V^)- 1 ) = mihVh- 1 ) = hm(V)h~\ 
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Since the limit exists then we may assume that lim n ^oo 5„c(#„) 1 = z € G. Let 
k = z^hc E G. Then 

lim glViglr 1 = hVh- 1 

n— »oo 

lim acidly 1 = z = hck~ x 

n— >-oo 

lim glV'(gl)- 1 = lim glc-\gl)-\glcV' c^gl)- 1 ^^)- 1 

n— »oc rt— >-oo 

= Z^QicV'c^h-^Z 
= kc^h-^hcV'c^h-^hck" 1 = kV'k- 1 
lim ^c'(^)- 1 - lim glc-^gD^iglcc'igi)- 1 ) 

~l — >-oo 

lim glc- l {gl)-\glm{V){gl)^) 



n— >oo n— )-oo 

,2 I. , I \ i. , ,,J i - w ,,J ( - 1. , 

hm 9 2 c -l( ff l)-l m ( 5 ly (s l)-l) = Z^m^™ -1 ) 



kc^h^hcc'hT 1 = kc'h 



ru-i 



in other words, 



lim {gl,gi) ■ (V, c, V'c') = (h, k) ■ {V, c, V , c'). 

n— ¥oo 

Thus, the G x G-orbit of (V, c, V'c') is closed. □ 



A similar argument shows that 

Lemma 2.10. The G x G-orbit of (V, d, c, V, d', d) € Z^ t (G) is closed if and only 
if the G-orbit of^ 2 {V,d,c,V',d',c') = (V, d~ 1 cv(V) c~ 1 d, cc') is also closed. 

Thus, combining Lemma l2~8l 12. 9[ and l2.10l implies 

Proposition 2.11. The map $^ : G 2{21+ ^ -> G 2 (2W-i) defined above induces 
homeomorphisms 

(2.3) 4'L(G)//(G x G) = HomCvr^S^- 1 ), G)//G. 

where the quotient jj on both sides means that we identify orbits whose closures 
intersect to form the quotient space. 

The involution r acts on Zg£ t (G), G x G and Z^ t (G)//(G x G) by 
t(V,c,V',c') = (V',c',V,c); T (V,d,c,V' \d! \d) = (V',d',c',V,d,c) 
T(gi,gi) = (52,51), 

r([(F,c,F', C ')]) = [(V',c',V,c)}; r([(V,d,c,V\d',c')]) = [(V, d! , c' , V, d, c)] 
Then Hom(7ri(£f), G)//G Z^ a \(G) T //(G x G) T and there is a natural map J: 
/: Hom(7ri(E), G)//G -> (Z& (G)//G x G) r - (Hom(^(E), G)//G) T 
[(V,c)] ^ [(V,c,V,c)]s[(v; C c(V")c- 1 )] 
[(V.d.c)] ^ [(V,d,c,V;d,c)]S[(V;d- 1 ct(V)c- 1 d,i- 1 J e?)] 
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This also tells us that the lifting map Hom(7ri(S), G) ^ Z e ^ t (G) T -> Hom(7n(E), G) 
can be seen as (V,c) -» (V, cr(y') c_1 ) and (V,d,c) -> (V, d _1 CT(V) c _1 d, c 2 ). 
This precise map will become useful in the following sections. 

2.3. Closed orbits are preserved by the lifting. Let T be a finitely generated 
group and G is a connected, complex reductive Lie group. Given a representation 
p : L — > G, define A(T) to be the Zariski closure of p(T) C G. Then p is semisimple 
if and only if the induced representation of A(T) on g (given by composition with 
the adjoint representation) is semisimple, which occurs if and only if A(T) is linearly 
reductive. (See [RH Section 3].) 

A representation p G Hom(r, G) is semisimple if and only if the orbit G ■ p is 
closed in Hom(L, G) (this is explained in [Sikl Theorem 30] based on Richardson's 
proof for free groups in |Ril Theorem 3.6]). For the case of a non-orientable manifold 
S and its orientable double cover E, pushforward by the covering map 7r : S — > S 
identifies tti (S) with an index 2 subgroup of 7Ti (E) . The main result of this section is 
Proposition ^. 12[ a special case of which says that a representation p : 7Tl(£) — > G is 
semisimple if and only if the lifted representation p : 7Ti(E) — > G is also semisimple. 
Therefore, the closed orbits in Hom(7Ti(E), G) lift to closed orbits in Hom(7Ti(E), G), 
and every closed orbit in the image of the lifting is the lift of a closed orbit in 
Hom(7Ti(E), G). We use this in the next section when we define the Betti and de 
Rham moduli spaces associated to the nonorientable surface. 

Proposition 2.12. Let F be a finitely generated group and V an index 2 subgroup. 
Then a representation pofTona finite- dimensional vector space V is semisimple 
if and only if the induced representation p' of V on V is semisimple. 

The proof follows by combining Corollarv l2.15l and Lemma f2 . 1 7l below. Through- 
out the proof we use the following results. 

(1) For any c e F\F' we have that c : T' — > r\T' is a bijection and c 2 : V -> V. 

(2) r' is a normal subgroup and so cT'c" 1 = V and c _1 r'c = V for all c G T. 

(3) If W is an irreducible subrepresentation of p' then so is cW for all cef 
and either W — cW (and hence W is an irreducible subrepresentation of 
p) or WHcW = {0}. 

For the remainder of the section we fix a choice of c G T \ V and use p to denote 
a representation of T on a finite-dimensional vector space V and p' the restriction 
of p to T'. 

The following elementary example illustrates how p' can be the direct sum of 
two irreducible representations when p is irreducible. 
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Example 2.13. Consider the groups 

r = 7r 1 (E}) = (a,6, C | [a,b]=c 2 ) 
T' = tti(So) = {x,y,x,y \ [x,y)[x,y] = id) . 

The inclusion map (x,y,x,y) i— > (a^b^cbc^ 1 ^cac^ 1 ) induced by the covering map 
— »■ Y>\ identifies V as an index 2 subgroup ofT. Fix < 8 < ir and consider the 
representation p : T — »■ SL(2,C) given by 

p(a) = p(b) = e ° ie ^ , p(c) ^ . 

iVo£e fftai p([a, &]) = id = p(c 2 ) and that p is irreducible. Then the restriction 
p' : r' SL(2, C) has the form 

p'(x) = p'(y) = e ° 4 ^ , p'(x) = p'(y) = Q . 

and so p' is the direct sum of two irreducible subrepresentations of dimension 1. 
Note that c e T interchanges the two subrepresentations. 

The following lemma shows that this is the worst that can happen, i.e. if p is 
irreducible then p' can only split into at most two irreducible subrepresentations 
that are interchanged by c. 

Lemma 2.14. If p is irreducible then either 

• p' is irreducible, or 

• V = W ® cW, where W and cW are irreducible subrepresentations of p' . 

Proof. If the first alternative does not hold then there exists a proper non-zero 
irreducible subrcprcscntation W of p' . Since WD cW is a proper subrepresentation 
of p (which is irreducible) then we must have W n cW — {0}. Irreducibility of p 
then implies that W (B cW = V. □ 

Corollary 2.15. If p is semisimple then p' is semisimple. 

Proof. Since p splits into irreducible subrepresentations and the previous lemma 
implies that each of these is a semisimple subrepresentation of p' , then p' is a direct 
sum of semisimple subrepresentations and hence is semisimple. □ 

Next we show that if p' is semisimple then p is semisimple. The idea is to show 
that p' splits into subrepresentations which are either: (a) irreducible for both p 
and p', or (b) of the form W © cW, where W is irreducible for p' (which implies 
that cW is also irreducible for p 1 ). Each of these subrepresentations is then either: 
(a) an irreducible subrepresentation of p, or (b) a semisimple subrepresentation of 
p. This second alternative is explained further by the following lemma. 
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Lemma 2.16. Let W be an irreducible representation for p' and suppose that 
W n cW = {0}. Note that W ® cW is preserved by p. If V is a proper non- 
zero subrepresentation of p on W © cW , then 

(1) Vnw = {o}, 

(2) V is irreducible for p and the projection maps p\ : W ® cW — > W and 
Pi ■ W © cW — ¥ cW restricted to V gives isomorphisms of vector spaces 
V' = W and V S cW, and 

(3) there is an irreducible subrepresentation V" of p such that W © cW = 

V © V". 

Proof. (1) Note that V is also a subrepresentation for p', and therefore so is 

V n W. Since W is irreducible for p' , then either we have V (1W = {0} or 

V n W — W . In the second case, since c preserves V, then we must have 

V n cW = cW also, which means that V' = W ® cW, contradicting the 
assumption that V' is a proper subrepresentation of W © cW. Therefore 
V' (1W = {0}. The same argument shows that V n cW = {0}. 

(2) Let Vi C V be an irreducible subrepresentation for p. We claim that V\ = 
V. Since V is a proper subspace of W®cW and V\ is a subrepresentation 
of p', then by |Pr| Corollary 2, pl55] we must have V D V\ = W or 
V' D Vi = (or both), with the isomorphism given by the projections 
Pi or p2 respectively. If V\ 7^ V then dim V' > dim W — dim elf, and 
therefore V n cVF 7^ {0} and V' n W ^ {0} for dimensional reasons, 
contradicting the result above. Therefore V = V\ and so V is irreducible 
for p. Moreover, since V n W = {0} = V' n cVF, then (PrJ Corollary 2, 
pl55] again shows that the projection maps pi : V' —> W and pi : V — > cW 
are both isomorphisms. 

(3) Since V C W © cW, then every u e V can be written uniquely as v — 
u>i + cu>2, where wi,u>2 € W. Conversely, since the projections pi and P2 
are isomorphisms, then for every w\ € W there exists a unique W2 G T 7 ^ 
such that u>i + c?«2 G V . We define the space V" as 

1^" := {w\ — CW2 '■ wi,u>2 & W and w% + CW2 G V'} . 

Clearly dim V" = dim V . To complete the proof, we need to show that (a) 
V' © V" = W © cVK and (b) V" is preserved by p, i.e. r'V" = V" and 

Suppose wi — cu>2 G V fl V". Then toi + CW2 G V' and so 2wi = 
101 — cu>2 + wi + CW2 G V also. Similarly, 2cuj 2 G V . Since W fl V' = {0} 
and cVF fl V' = {0}, then we must have u>i = and W2 = 0. Therefore 

V n V" = {0}. Since dim V = dimV" = dhnW = dimcW and V © V" 
is contained in W © cW, then we must have V © V" = W © cW. 
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To see that cV" — V", consider a general element wi — CW2 € V" . Then 
wi + CW2 G V and so c 2 u> 2 + cw\ G V since c preserves V. Therefore, 
since c 2 G f implies c 2 w 2 G VK, we have c 2 u; 2 — cu>i = -c(i«i — cu> 2 ) € V". 

To see that T'V" — V", consider a general element w\ — cu; 2 G V". 
Then wi + CW2 G V and, since r'V' = V, we have 7W1 + JCW2 = jwi + 
c(c~ 1 jcw 2 ) € V for any 7 G T'. Since r'W = W then c _1 7CW2 G and 
so 

j(wi — cu> 2 ) = 7101 — jcw 2 — jwi — c(c _1 7cw 2 ) G V". 

Therefore we have constructed a subrepresentation V" of p such that 
V (B V" — W ® cW. Replacing V by V" in part (2) of the lemma shows 
that V" is irreducible, which completes the proof. □ 

Lemma 2.17. Suppose that p' is semisimple. Then p is also semisimple. 

Proof. The proof uses induction to show that V splits into irreducible subrepresen- 
tations for p. First, since there is an irreducible subrepresentation V\ for p and p' 
is semisimple, then V = V\ © V, where V is a subrepresentation of p' . This is the 
base case of the induction. 

Now suppose that there exists a direct sum decomposition 

k 

i=l 

where each Vi is an irreducible subrepresentation for p and VJ. is a subrepresentation 
for p' . To complete the inductive step, we aim to show that there is an irreducible 
subrepresentation Vk+i of p such that 

k 

Vfe+in0v: t = {o}. 

Semisimplicity of p' then implies the existence of a subrepresentation V fc ' +1 such 
that 

fc+i 
i=l 

and the fact that V is finite-dimensional shows that this process must eventually 
terminate. 

The proof of the inductive step is as follows. Since p' is semisimple, then there is 
an irreducible subrepresentation W C V£ for p' such that V fe ' = W V fc ". Since W 
is irreducible for p' then cW is also irreducible for p' and so either W n cW — W or 
WC\cW — {0}. In the first case, W is an irreducible subrepresentation of p, and so 
we can set V fe ' +1 = W. When W n cT'F = {0} then W © cW is a subrepresentation 
for p' and there are two further cases: 

• W © cVy is irreducible for p, or 
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• there is a proper subrepresentation V C W © cW for p. 

(Note that we may not have cW C F fe ', but we do have cW H ®^ =1 ^ = {0}.) 

In the first case, we immediately have that (W © cW) n ffif =1 V; = {0}, since 
the intersection is a subrepresentation for p and it cannot be all of W © cW since 
W C Vfc. Therefore we can define V£ +1 = © cW. 

In the second case, we can invoke the previous lemma to show that W © cW = 
V © V", where V and V" are irreducible subrepresentations for p. If V' r\®^ =1 Vi = 
{0} then we can set V k+1 — V . If F'nffijL^ 7^ {0} then we have V"n®f =1 V t = {0} 
since the intersection is a subrepresentation of p on V" and so must be either {0} 
or V" , but we can exclude the latter case since it would imply that W C V © V" C 
ffijLi^i, contradicting Wf]® k i=1 Vi = {0}. In this case we can set V^ +1 = V" , which 
completes the inductive step. 

Therefore V is the direct sum of irreducible subrepresentations for p, and so p 
must be semisimple also. □ 

2.4. Moduli spaces. In this section we define the moduli spaces that will be 
studied in the rest of the paper. These are the nonorientable analogs of the Bctti, 
de Rham and Dolbeault moduli spaces from nonabelian Hodge theory (cf. [S2 ). 

Definition 2.18. The Betti moduli space is the categorical quotient 

(2.4) M Bettl (£) d = HomMl]), G)//G, 

where the quotient jj means that we identify orbits whose closures intersect ( this is 
an equivalence relation by |Na2[ Theorem 4, pl9], see also |Nal] ). 

Recall from |G2| that a reductive representation p : T — > G is a representation 
for which the Zariski closure of the image is a reductive subgroup of G. This is 
equivalent to the notion of a semisimple representation p : T — » G: a representation 
for which the induced adjoint representation of T on g is semisimple (see [Rl], [BGG, 
p205]). 

Remark 2.19. Since the closure of each orbit contains a unique closed orbit (see 
[Nali Sec. 8}) and the closed orbits are precisely the semisimple representations 
(see [Sikl Theorem 30]), then we have 

M Betti (E) = HomME), G) red /G. 
Definition 2.20. The de Rham moduli space is the quotient 

(2.5) M dR {^P c )=A aat {P c )//g c , 
where the quotient // identifies orbits whose closures intersect. 



HIGGS BUNDLES OVER A NONORIENTABLE SURFACE 



17 



Remark 2.21. For the same reasons as above, there is an equivalent definition 
using the reductive flat connections on P c . 

M dR (z,p c ) = A &at > ied (p c )/g c . 

There is a well-known correspondence between gauge-equivalence classes of flat 
connections and representations of 7Ti(S) (see for example |Kol Prop. 2.6]). This 
gives us 

(2.6) M Bettl {Z) S (J M dR (E,P c ), 

[PC] 

where we take the union over all smooth equivalence classes of K c bundles on £ 
that admit a flat connection. 

We can also define moduli spaces of r-invariant flat connections on P c . 
Definition 2.22. 

(2.7) Mi R (t, P c ) := A* at (P c )//G^ = A* at ' ied (P c )/g^. 

From the discussion in Section [231 we have the following lemma (in the language 
of flat connections). 

Lemma 2.23. The restriction of n* : A aat (P c ) -> A^ at (P c ) to A Rat ' led (P c ) ls a 
homeomorphism ir* : ^W^pC) ^ ^flat,red(pC^ 

This immediately gives us 
Lemma 2.24. 

(2.8) M dR {Z, P c ) = Ml R {£, P c ). 

In Section [S] we show that the smooth part of Ai dR (T,, P c ) has a symplectic 
structure. It is then natural to ask for criteria determining whether a representation 
p (or equivalently, a flat connection D) corresponds to a smooth point in the moduli 
space. This question is studied in the paper |HW) . however it is worth mentioning in 
this paper one difference between nonorientable surfaces and the case of a compact 
Riemann surface studied by Goldman in [Gl . 

Recall that a simple representation (in the orientable case) is one that has 
isotropy equal to the centre of G. Goldman shows in [Glj that the simple rep- 
resentations correspond to the smooth points in the Betti moduli space. For a 
representation p : 7i"i(£) — > G to lift to a simple representation in M. Betu (Yi) it is 
necessary that p have isotropy group Z(G). Example 12.131 in the previous section 
shows that this is not sufficient, i.e. a representation with isotropy Z(G) may lift 
to a representation with non-trivial isotropy. 
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Following Goldman's notation from jGlj . let A4 Bettt (E) denote the subset of 
reductive representations 7ri(S) — > G with isotropy Z(G). The results of 1HW] show 
that obstructions appear in the deformation theory of A4 Bettt (T,) whenever an 
irreducible representation p : tti(E) — > G lifts to a representation p : 7Ti(E) — > G 
that is the direct sum of two irreducible subrepresentations (cf. Example 12.131 and 
Lemma [2.141 in the previous section). Therefore M. Betu (Y,)~~ is not necessarily 
smooth and we give an example in HW that shows in fact that singular points 
do exist, and that the same is true for the space of flat reductive connections with 
isotropy Z(G). Therefore, in contrast to the case of a compact Riemann surface 
(see jGlj ). the first inclusion in (|2.9|) below is not always an equality. 

(2.9) M Betti^ymooih c M BetU (E)~~ c j^Bettif^ 

Returning to the definition of a Higgs bundle, recall that given a reduction 
of structure group on P c from G to K, a connection D on P c decomposes as 
D = cLa — iip, where <1a is a connection on P and ip G Jl 1 (adP). The gauge group 
on P is denoted Q. Using the operator d* A from Definition 12.31 we can write down 
the following equation 

(2.10) d* A ijj = 0. 

If we assume that the double cover has a complex structure, then we can decompose 
the pullback of <1a and ip into (0, 1) and (1, 0) parts: 

TT*(d A ) = & A + d A 
= i<f> + i<j>* ■ 

We can now define a Higgs bundle. 

Definition 2.25. Suppose that £ is a complex manifold. Fix a reduction of struc- 
ture group from P c to P. A connection D = dA — iip S A(P C ) is a Higgs bundle 
if and only if the following conditions are satisfied. 

• d A i> = o, 

• d\ip = 0, and 

• the associated operators 8a and <\> satisfy (Ba) 2 = and <fi A <f> = 0. 

The space of Higgs bundles is denoted 
(2.11) 

A m " s (P) = {D = d A - iip e A{P C ) : d A *P = Q,d A ip = 0, {B A f = 0,0 A = 0} 
and the space of solutions to Hitchin's equations is 

(2.12) A mtchin^ dof A mggs^ R ^Aat^pC) 

The moduli space of solutions to Hitchin's equations is 

(2.13) M mt6hin (Z,P) = f A HUchin (P)/g. 
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The following lemma appears in |S2[ Lemma 1.1] for Higgs bundles over compact 
Kahler manifolds. It shows that if the connection is flat and the bundle is harmonic, 
then the conditions (8a) 2 = and (f> A 4> = are automatically satisfied. 

Lemma 2.26 (Siu, Sampson, Corlette, Deligne). Suppose that £ is compact and 
Kahler. Let D = oIa — ii/j be a flat connection on P c — > £ and let dA — 8a + 9a 
and ijj = i<j) + i<fi* be the decomposition into (0, 1) and (1,0) parts. Then d A ijj = 
implies that (8a) 2 = and <fi A <fi = 0. 

As a consequence, we can omit the conditions (8a) 2 = and <fi A <p — in the 
definition of A mtchm (p) when £ is compact and Kahler (but not in the definition 
of A Hl " s (P) , since the connection may not be flat). In particular, for the results 
of Section[3l it is sufficient to find a solution of d A tp = on the space A^ lat (P c ). 

Remark 2.27. The definition of A mtchin (P) (and hence M Hitchin (E, P)) given 
above depends on the choice of reduction of structure group. A different choice will 
define a different subset ofA {i£lt (P c ) satisfying (|2.12[) . Theorem \3.1\ in the next sec- 
tion shows that, given a fixed choice of reduction of structure group, the Q -orbit of 
each reductive flat connection always contains a unique Q orbit consisting of flat con- 
nections satisfying (|2. 10[) . Equivalently, given a fixed reductive flat connection D, 
there is a unique reduction of structure group such that D G A Hi " s (P)nA^(P c ). 

Remark 2.28. When the base manifold is compact and Kahler then a theorem 
of Hit chin and Simpson (see [Hilj and [SI] ) identifies M H ' ltchm (P) with a moduli 
space of stable objects in A Hl " s (P), which Simpson calls the Dolbeault moduli 
space in |S2j . In this paper we define M Hltchm (P) directly, and so we use the ter- 
minology Hitchin moduli space instead. Since £ is not orientable then M Hltchm (P) 
is not hyperkahler, and so we avoid the terminology hyperkahler quotient. 

3. The Donaldson-Corlette correspondence 

Recall the setup from the previous section: £ is a compact, closed nonorientable 
manifold, if is a compact, connected semisimple Lie group and P — > £ is a principal 
if -bundle. Let G and P c denote the corresponding complexifications, let A(P C ) = 
n 1 ('B,a,dP c ) S T*A(P) denote the space of connections on P c and let A flat (P c ) 
denote the subset of flat connections. In this section we also assume that the 
orientable double cover of £ admits a Kahler structure. 

The goal of this section is to prove a correspondence between the moduli spaces 
M dR (Yl,P c ) and M mtchin (E,P), and hence with a component of M Betu (T) (see 

(USD- 
it is well known that M Betu (^) 9i (J [pc] M dR (Y*,P c ). The following theorem 
relates M dR (H, P c ) and M mtchm (*Z 1 P). 
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Theorem 3.1. Let E be a compact non-orientable manifold whose orientable dou- 
ble cover E admits a Kahler structure. For every reductive flat connection D on 
P c , there is a gauge transformation g € G C (unique up to the action of Q) such 
that g ■ D — dA ~ iip solves (|2 . 10[) . Equivalently, there is a unique reduction of 
structure group from P c to P admitting a solution to (|2.10j) . Moreover, when 
diniR E = 2 there is a continuous Q-equivariant deformation retract from A^ lat (P c ) 
onto A mtchm (P). 

As a consequence, we have 

M dR (£,P c ) *±M mtchin (£,P). 

This is the nonorientable analog of the Donaldson- Cor lette theorem from |D2] 
and [C] . The proof involves studying the gradient flow of the harmonic map energy 
functional on the space of metrics on P c . Alternately, one can fix the metric and 
analyse the negative gradient flow of the moment map functional 

/ : T*A(P) -> K 

(3-1) 

d A -i^^\\d* A il}\\ 2 . 

on the space A^ lat . The change of metric given by the solution to the harmonic 
map flow lifts to a complex gauge transformation that generates the solutions to 
the gradient flow of (|3.ip . 

Rather than deriving all of the results from scratch, instead the strategy of the 
proof is to use Corlette's results on long-time existence and convergence for the flow 
on an orientable manifold. In Section T3. II we give necessary and sufficient conditions 
for the flow on the nonorientable manifold to lift to a solution of Corlette's flow on 
the orientable double cover. Essentially the problem reduces to showing short-time 
existence for the flow on the nonorientable manifold. In Section 13.21 we show that 
these conditions are satisfied, and the proof of Theorem 13 . 1 1 then follows from the 
results of [C] . The statement about the deformation retraction follows from |DWW1 
Proposition 2.1]. 

3.1. Sufficient conditions for the flows to coincide. In this section we prove 
the following general result that applies directly to the case at hand: studying the 
flow on the space of flat connections on a non-orientable manifold via the induced 
flow on the subset of the space of flat connections that is invariant under the 
orientation- reversing involution. 

Proposition 3.2. Let N and M be manifolds, i : N '-t M an embedding, Sn C N 
and Sm C M closed subsets (possibly singular), and X and Y vector fields on M 
and N respectively such that 

(1) i(iSjv) C Sm and i(Sisr) is closed in Sm, 

(2) di y (Y(y)) = X(i(y)) for all yeN, 
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(3) for each y € Sn there exists e > and a integral curve zn ■ [0,e) — > Sn 
for Y on N with zn{0) = y, 

(4) for each x G Sm there exists a unique integral curve zm : [0, oo) — > Sm for 
X on M with Zm(0) = x such that lim ZM(t) exists and is contained in 

t— s-oc 

Sm- 

Then for each y € Sn there is a unique integral curve zn '■ [0, oo) — > Sn for Y 
on N with initial condition y such that lim zjf{t) exists and is contained in Sn- 

t— >oo 

Moreover, i o zn coincides with the integral curve zm ■ [0,oo) — > Sm with initial 
condition z(0) — i(y). 

Remark 3.3. (1) Note that the vector fields X and Y and the associated in- 
tegral curves are defined with respect to the manifolds M and N, not the 
subsets Sn and Sm (which may not be manifolds, and therefore the usual 
definitions of tangent spaces, vector fields, etc. don't make sense). The 
assumption is that each integral curve with initial conditions in Sm (resp. 
Sn) remains in the subset Sm (resp. Sn)- 

(2) It is not necessary to assume existence of solutions that have initial condi- 
tions in M\ Sm or N \ Sn ■ 

(3) There is no assumption of compactness of N or M, just that the integral 
curves on Sm converge in Sm and that i(SN) is closed. 

(4) The result applies regardless of whether the spaces are finite or infinite- 
dimensional. 



Proof. The first two conditions show that i(zn) is an integral curve for X on M 
with initial condition i(y). Let zm(^) be the integral curve for X on M with initial 
condition i(y) € Sm- Uniqueness of integral curves on M with initial conditions in 
Sm shows that i(zN{tj) = ZM(t) for all t <G [0,e) and therefore ZN{t) = i~ 1 {zM(t)) 
is the unique integral curve for Y on N with zn(0) = y. 

Since zm{e) € Sm, the map i is an embedding, and the image of the restriction 
of i to Sn is closed, then lim ZN{t) exists and is equal to i~ 1 (zM(s))- Therefore 

t— ¥E 

we can use local existence again to extend the integral curve Zjv(t) past t — e and 
a repeated application of this argument shows that ZN(t) exists for all time and 
that i(zN{t)) coincides with ZM{t)- The sets Sm C M and i{SN) C Sm are closed, 
and so i(zN(t)) converges to a point in IISn)- Therefore lim ZN(t) exists and is 

t— >oo 

contained in Sn- □ 



Clearly the first two assumptions of the proposition are necessary. The following 
two elementary examples show that the final two hypotheses of the proposition are 
also necessary. In the first example we remove the hypothesis that flow lines on M 
are unique. 
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Example 3.4. Let M = K and N = {0} C R. Let = xi . Then there are 



t € R. XTie second solution is contained in the submanifold N , however the first 
one is not. Therefore there exists an integral curve on M with initial conditions in 
N that does not remain in N . 

In the next example we remove the hypothesis of a priori existence for integral 
curves on N. We still have existence and uniqueness of integral curves on M. This 
example also shows that existence of integral curves for X on M doesn't imply 
existence of integral curves for the restriction of X to N, even if X is always 
tangent to N. 



Note that X(0,0) = (1,0) and X(x,0) = (0,0) if x ^ 0. Therefore X(x,y) is 
tangent to N for all (x, y) £ N . Note also that there is no integral curve with initial 
condition (0,0) for the restriction of X to N. 

The integral curve through any (xo, yo) such that yo = Xq is given by (x(t), y(t)) = 
(t — x , (t — xo) 2 ). If yo 7^ Xq then the integral curve is (x(t),y(t)) = (xo,yo)- 

Now consider the initial condition (0,0) G N. The unique integral curve through 
(0,0) is {t,t 2 ), which does not remain in N. 

3.2. Moment map flow on the space of flat connections over a nonori- 
entable manifold. In this section we show that the conditions of Proposition 13.21 
are satisfied for the gradient flow of /. The space Sm corresponds to the space of 
flat connections on the nonorientable manifold, Sm corresponds to the space of flat 
connections on the orientable double cover (which we assume to be Kahler), and i 
is the inclusion map corresponding to pullback p* : T*A — > T*A by the projection 
p : S -> £. 

The pullback of a flat connection by p is also a flat connection and p*(A-* lat ) 
is closed in A-* lat , so the first condition of Proposition 13.21 is satisfied. Corlette's 
results on the long time existence and convergence of the gradient flow of (|3 . 1 [) on 
the orientable double cover show that the fourth condition is satisfied. (See also 
DWW, Proposition 2.1] for a proof that the gradient flow defines a deformation 
retract.) The following proposition shows that the second and third conditions are 
also satisfied. 

Proposition 3.6. Fix a reduction of structure group from P c to P. Then 

(1) Let f denote the energy functional (|3.ip on the orientable double cover S. 



two solutions with initial condition x(0) — 0: x(t) = (|i) 2 and x(t) — for all 



Example 3.5. Let M e M 2 



and N = {(x, y) £ M : y = 0} = M. Define 




Then p*(grad/(£>)) = grad/(p*(L>)) for all D e A fl 
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(2) For any D = d A — iip E A^ lat , there exists e > such that the gradient flow 
of the energy function f from (13. 1| exists on the interval [0,e). 

Assuming this result, the proof of Theorem 13.11 then follows from Proposition 
13.21 and the results of [C] . 

The proof of Proposition 13.61 occupies the rest of the section. We derive the 
flow equations explicitly and show that short-time existence still holds for the r*- 
invariant subset. More precisely, we show that the induced parabolic equation 
on the space of metrics is r*-invariant. Corlctte omits the derivation of the flow 
equations since it is similar in spirit to the approach of |Dlj . however we include 
the details here since the explicit description is essential for the proof of Theorem 



Recall the basic setup. We have d A € A and -0 e il 1 (ad(P)). The energy 



Lemma 3.7. 

gr&df(d A ,ip) = {[d* A ip, ip], d A d* A ip) . 

Proof. The proof is just a calculation. First we compute the derivative 

df{d A ,ip) («, <p) = 23? (- * [a, *ip] + d* A (p, d A ip) . 

We also have 



functional is 




(d* A i> 



* [a,*V]) = (a, [d A ip,ip]) . 



Therefore 



df(d A ^)(a,p) 



2K<-*[a,*V>],d>} + <dl<M^) 
23? (a, [<T A il>,il>])+((p,d A <r A il>), 



and so the gradient is 



grad/(eU,"0) = {[d* A ^, 4>], d A d* A ip) . 



□ 



(3.3) 



(3.2) 




In particular, we see that given D = d A -iipe A flat , then (d A ,i>) = p*(d A ,ip) 
satisfies 



[d A = p*[d* A ^,tp} 7 d A d A *4> = p*(d A d* A i;), 
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which proves the first statement of Proposition 13.61 The rest of the section is 
devoted to proving the second statement, i.e. proving short-time existence for the 
gradient flow equations (I3.2p and (|3.3[) . 

Next, we show that the solutions to the flow equations are generated infinitesi- 
mally by the complex gauge group. The first step is to compute the infinitesimal 
action. 

Let D — d A —iip denote the connection on P c formed from the unitary connection 
and the Higgs field. The action of g € G C is given by 

g-D = gDg-\ 

which acts on a section s by (g ■ D)(s) — gD(g~ 1 s). 

Therefore the action on d A is given by taking the skew Hermitian part of g(d A — 
iip)g~ x and the action on ip is given by taking the Hermitian part. The infinitesimal 
action of u £ Lie Q is 

Pd(u) = —Du = — (d A u — i[ip, u]) 
The connection part of the infinitesimal action of u £ Lie Q c is then 

-~ (d A u - [iip, u] - (d A u ~ [iip, u])*) 

and the Higgs field part of the infinitesimal action is given by taking the Hermitian 
part 

-i (d A u - [ill), u] + (d A u - [iip, u])*) . 

Note that this is the infinitesimal action on —iip (which is the Hermitian part of 
d A — iip). The infinitesimal action on ip is 

--i (d A u - [iip, u] + (d A u - [iip, u])*) . 

Therefore, the infinitesimal action of u £ LieQ c at (d A , ip) is 

(-\(d A u- [iip,u] - (d A u- [iip,u})*)\ 
P(d A 4>)W- y-^(d A u-[iiP,u} + (d A u-[iiP,u})*)J ■ 

Now let u(d A , ip) = id* A ip. Then u* = u and we have 

(3.5) ^.^W^^Kt^^'SS 1 )' 

Equation (|3.5[) shows that we can write the downwards gradient flow equations 
(|3.2p and (|3 . 3() using the infinitesimal action of the complex gauge group 

(3-6) {^'^^ = -P(d A ^){u{d A ,ip)). 
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The following calculation shows that the flow is generated by the action of Q . 
Fix (AojV'o) and let g(t) be the solution to the equation 

(3-7) ^g~ l = -u{g(t) ■ A ,g(t) ■ fo), 

Let (A(t),4,(t)) = g(t) • (A>,^o)- Then 

§ i (A(t),i;(t))=P(A(t) l m) (ff^)" 1 ) 

= -P(A(t),^(t))H^(i),V>(*)))- 
Equation (|3.6p then shows that g{t) ■ {Aq,^) gives a solution to the gradient flow 
equations. 

It still remains to prove that solutions to Q3.7[) exist. The goal is to rewrite this 
equation in terms of a change of metric, which will then satisfy a parabolic equation 
(cf. |D1) for the Yang-Mills flow, where ^| satisfies the equation on |D1[ p7] and 
the change of metric satisfies the parabolic equation (B) on |D1[ pl3]). With this 
in mind, define the change of metric h(t) = g(t)*g(t). We then have 
dh dg* r dg 

m=^T 9 + g at 

(3 - 8) 

= ~hg 1 u(g ■ A ,g- i/; Q )g. 

Next we compute g u(g ■ Aq, g ■ 1^0)9 (see Lemma 13. lip . Consider the pullback 
of (dAiip) to the orientable double cover. To simplify notation, in the rest of the 
section we also use (c?a, ip) to denote this pullback. The meaning will be clear from 
the context. 

Using the complex structure on the orientable double cover, split the connection 
and the Higgs field into (0, 1) and (1,0) parts 

d-A = Sa + Oa, ip — i(f> + i<fi* 

and define operators 

L$ = d A + <p* + d A - <f> 

Lf = 8 A - 4>* - d A - <t>. 

Note that a priori these are defined on the orientable double cover, since we use 
the complex structure of the underlying manifold in the definition. We will see 
that the final result for u(g ■ A, g ■ tp) is r-invariant, and therefore descends to the 
non-orientable manifold. 

Lemma 3.8. Let d A = d A + 8a and ip = i{4> + <fi*)- Then 
(3.9) u(d A , i&) = i»A (i^L™ + L$L%>) 
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Proof. The proof is just a calculation. Firstly, the (1, 1) component of L^' + 

r(2)r(2). 
K K 1S 

(B A + <j>* + d A - <f>)(d A + <f>* + d A - 0) (M) 

+ (8 A -r~d A - <f>)(d A -<j>*-d A - 4>) {l ' l) 
= F A - [0, <P\ + d A <j>* - d A <f> — F A + [</>, 0*] + d A <t>* - 3 A <t> 
= 2d A (j)* - 2d A (j). 

Using the Kahler identities d* A = i[A, d A ] and d* A = —i[A, d A ] leads to 
Ua (l^L™ + L {2) L {2) ) = iAd A <j>* - iAd A ct> 



= -d* A <t>* - d* A <j> 
— id A tp. 



□ 



We can further decompose the operators L^ and into (0, 1) and (1, 0) parts 



to obtain the operators 
(3.10) 



L<£>" =8 A + (f>*, L$'=d A -<f> 
Lf" =d A -cf>, L {2) ' =-d A - 



Note that all of the operators (|3 . 10[) satisfy the product rule, i.e. for g E 
n°{adP c ) we have 

L 9 = ( L g) + 9 L 

and for u> € fi 1 (adP c ) we have 

Lu> = (Llj) — uiL 
where L denotes any of the operators in (|3.10p . 

The proof of the next lemma is just an explicit calculation. 

Lemma 3.9. Let d A = d A + d A and ip = i(<fi + <f>*). We have 

u(d A ,i>) = \iA (ifiW' + Lfl^f + Lf'Lf + LfLf) . 

The point of the decomposition (|3.10[) is to simplify the analysis of the action of 
the complex gauge group. 



Lemma 3.10. The complex gauge group acts on the operators (|3.10p by 

a ■ T {1) " - nT (1) " n~ l a ■ T {1) ' - ( n*^ 1 1 'a* 
9 l k — 9^k 9 i 9 — \9 ) 9 

n 7" (2) " - (n*)-' L r ( - 2) " 'a* a T {2) ' - nT {2) ' ' n' 1 
9 — \9 ) L K 9 : 9 J-'k — 9 L K 9 ■ 
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Proof. Define the flat connection D — oIa — = 9a + 9a + <P + 4 1 * on adP c . Recall 
that the complex gauge group action is 

g-D = gDg-\ 

The induced action on oIa and —iip is given by taking the skew-adjoint and self- 
adjoint parts respectively. Computing this via a direct calculation is quite compli- 
cated; it is simpler to write D — L^) — iS^ 1 and take the (0, 1) and (1,0) parts 
of the above equation. This gives us 

3 -(4 ) "-^ ) ') = p4 ) V-^ ) V 1 

and so we have the desired action on 1$ and . 

The (1,0) part of the connection form —A' — <j> maps to A" — <j>* under the 

(2)" 

Hcrmitian transpose, and so the action of g on L K is the Hcrmitian transpose of 
the action on L K , i.e. 

9-Lf = {g*)^Lf'g*. 
The same analysis applied to the Hermitian transpose of A" + <f>* leads to 

g-Lf = { g *)^Lfg\ 

□ 

As a consequence of the previous lemmas, we have 

Lemma 3.11. Let g e G c . Then 
(3.11) 

g-'uig .d A ,g- ifig = u(d A ,^) + -iAZ^'V^'/i)) + \ihL$ (hr\Lf h)) 

The proof follows the same method as the proof of the well known formula 
(3.12) g- X F g . A g = F A + d A (h-\d A h)), 

where the operators and play the role of d A and the operators and 

L K play the role of Da ■ For the proof of (|3.11|) we only need the result of Lemma 
13.101 and to check that these operators all satisfy the product rule, and then the 
method of proof of (|3 . 1 2|) will work for (|3.11[) also. The extra factor of \i is due 
to the choice of constant in the definition of u (i.e. we could remove it by defining 
u(d A ,tp) — 2d A ip instead). 

Therefore, the evolution equation (|3.8|) for the change of metric h becomes 
(3.13) 

^ = -h (u(d Ao ,i> ) + \iM^"{h-\L^'h)) + {h-\L { ^" h))^ , 

where (Ao, ipo) is the initial condition for the flow and the operators , etc. are 
defined at (^4o, ^o)- 
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The following version of the Kahler identities for the operators L^) , etc. will 
be useful in simplifying (|3.13[) in analogy with [Dlj . 

Lemma 3.12. 

i[A,i£>"], L w"* = _ i[KL w ] 
Lf* = -i[K,L^"l L% y '* =i[A,L%>'] 

Proof. Firstly recall the well-known Kahler identities 

d A =i[A,d A ], d* A = -i[A,d A }. 

Define the operators E'.{rj) = (j)Ar} and E'!(r)) = 4>* A 77 on the space of forms 
with values in the bundle. In |S2j . Simpson proves identities for these operators 
that are analogous to the Kahler identities 

E^ = i[A,E' <t> ], E>; = -i[A,E';]. 

Combining these identities gives us 

L { k Y * = (d A ~ Eft* = i[A, d A ] + i[A, El\ = i[A, L$"]. 
The proof of the rest of the identities in the lemma follows the same method. □ 

In particular, we have the following 

Corollary 3.13. Let h be a 0-form with values in a bundle associated to P. Then 
zA (L$"L$' + L$'L$") h = -I$*I$>h + 2iAL$"L$'h 
zA (iflf + L$'L<$) h = -Lf*Lfh + 2iAL^'Lfh. 

Proof. The proof is just an explicit calculation using the Kahler identities. For 
Lw, the calculation is as follows. 

= 2iAL^"L^'h-L^*L^h. 

For L K \ an analogous method gives 

zA (Lf'Lf + LfL$") h = -Lf'Lfh + Lf"*L$" h 

= -Lf*L^h + 2iAL^'L^"h. 



□ 
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This leads to the following simplification of (|3.13[) . 
Proposition 3.14. 

(3.14) |J = -lhu(d Ao ,i> ) ~ \u(d Aa ,i, )h - \ (l^L™ + L [ fhf) h 

+ \iK{L^"h)h-\L^'h) + l ^K{Lfh)h-\Lf'h). 

Proof. First note that the first term in (|3.13[) has the form 

hu(d Ao ,ipo) = ^hu(d Ao ,ifj()) + ~u(d Ao ,i()o)h- ^ [u(d Ao , tpo), h] . 



Subsituting the results of Lemma \'S. 81 and Corollary 13.131 leads to 
hu(d Ao ,ip Q ) = ^hu(d Ao ,rp ) + ^u(d Ao ,ip )h - jiA ( 

- ±hu(d Ao ,rp ) + ± u {d Ao ,TPo)h + \ (h^L^h + L^L^h) 



r(l)r(l) , r(2)r(2) 
L K K + K 



-\iKL^'L^h-\iKL^Lf'h 

We also have the following product rule expansions for the second and third 
terms 

hhkL^" {h~\L^' h)) = -\ih ([L^"h)h-\L^'h)) + iiA (LW'Lg'h 
hUKLf'ih-^Lf'h)) = -~iA ((L^'h)h-\L^"h)) + IiA (l% Y 



□ 



j k v <vi — g V K K ) 2 I 

Substituting all of these identities into (|3.13|) gives the required result. 



Lemma 3.15. Let ip = %{<j> + cjf) and define E^{rj) — ijj A n for n € ft°(P). Also 
denote by the induced operator on bundles associated to E. Then, on zero forms, 
we have 

(3.15) + L ( k*L ( k = 2 d* A d A + 2E^E il . 

Proof. Note that E$ = iE'^ + iE'j, and E^Ej, =E'^E l (f> + E'fE'J. A direct calcu- 
lation shows that 



and 



L ( K r L$ = (8* A + d A + e% e';) (B A + d A + e; - 4) 

= B\B A + B\B A + EfEl + e 1 ;^ 

+ d\E;~d\E'^E';*d A ~E i ;d A 

I®*!® = (d*A ~d A - K - E<;) (B A -d A - E'l - 4) 
= B\B A + B\B A + E'fE'l + E'^E't 

- B* A E'i + d\E' - ETB A + E'*d A . 
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Adding these two results gives 

L$*L$ + L$*L$ = 2d* A 8 A + 2d\d A + 2E'l*E'l + 2E'*E> 4 
= 2d* A d A + 2E^E^. 



□ 



Therefore, the flow equation Q3.14p for the metric can be written 

(3-16) |^ = -^hu(d Ao ,ipo) ~ ^u{d Ao ,^„)h- ^A Ao h - ^E^E^h 

+ \a{L^"h)h-\L^'h) + \ik{Lf'h)h-\L$'h). 

Finally, we are ready to complete the proof of the second statement of Proposition 
13.61 Since the right-hand side of (|3 . 8[) is r-invariant, then ^ is r-invariant, and 
combining this with the fact that A Ao is r-invariant gives us 

dh 1 

(3.17) —=--A Ao h + f(d Ao ,^ ,h), 

where / is r-invariant. Therefore, the metric evolution equation (|3.17[) descends to a 
non-linear parabolic equation on the non-orientable manifold, and so we have short- 
time existence for the solutions (see for example |Haj or [T]). The same method as 
in |D1) or |Hong| shows that the change of metric then lifts to a solution to the flow 
equations. This completes the proof of the second statement of Proposition 13.61 



4. Real locus of an involution on the moduli space 

In this section we restrict to the case where E is a compact surface and describe 
the relation between the Betti moduli space over a nonorientable surface E and 
the fixed point set of the Betti moduli space over its orientable double cover E 
(with respect to the involution r induced by the deck transformation on the double 
cover). Also, we would like to give geometric meaning for the components of the 
fixed point set of the moduli space. 

The proofs for surfaces E^ are similar to those for Ef . In order to avoid repetition 
of similar proofs, here we only give the proofs for surfaces Ej and omit the proofs 
for surfaces E^. 

Since G is complex and semi-simple, then G has finite center ( |Kn[ Prop 7.5]). 
Recall that we defined a natural map in Section [2] 

/: Hom(7ri(Ef), G)//G-+ (Hom(7Ti (E), G)//G) T . 

and a homeomorphism (Proposition 12.11]) between Hom(7Ti (E), G)//G (the Betti 
moduli space) and the the two based point moduli spaces Z^ t (G), Z^ t (G) with 
respect to the G x G action. 
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Let x — (01, b\, ■ ■ ■ , ag, be, c, a[, b[, ■ ■ ■ , a' e , b' e , c') S Z^ t (G). It is natural to call 
x simple if the corresponding point 

Qq{x) = (ai, bi, ■ ■ ■ , a^, 6^, c&^c -1 ^ca^c' 1 , ■ ■ ■ ,cb\c~ x , co^c -1 ) 

in Hom(7Ti(E), G) is a simple point(i.e. of minimal isotropy Z(G)). In other words, 
x should satisfy 

i 

(4.1) p| (G Bi n G h n G c<c -i n G^-i) = Z(G), and 

i=l 
£ 

P|(G a '. n G&/ n G c / a . c /-i n G c , bzC ,-i) = z(G). 

i=l 

Similarly, it is natural to call a point in Hom(7r 1 (S^), G) simple if its lifting in 
Hom(7r 1 (E), G) (cf. Section^ is simple. In other words, x should satisfy 

I 

(4.2) f|(G 0i n G bi n G caiC -i n G chiC -i) = Z{G). 
1=1 

In the companion paper [HW| we show that these are precisely the smooth points 
in the corresponding moduli spaces Hom(7Ti(£f), G)//G. 

Definition 4.1. A point in Z^ t (G) is called simple if its stabilizer with respect 
to the G x G-action equals to Z(G) x Z(G) (i.e. satisfies equation ). Let 
Zfi^ t (G) slmp denote the subset of Z^AG) that contains all points that are simple, 
and Zq\ (Gjsmooth denote the subset that contains all points that are reductive and 
simple. Notice that points in Hom(7r 1 (£), G) that are reductive and simple in the 
usual sense are precisely the smooth points in Hom(7Ti(S), G)jjG. 

Definition 4.2. A point in Hom(7Ti(£y, G) is called simple if it satisfies equation 
£Pty . Let Hom(7ri (Y>{) , G) simp denote the subset of Hom(7r 1 (E^), G) that contains 
all points that are simple, and Hom(7ri(S^), (7) smooth denote the subset that contains 
all points that are reductive(or has closed orbits) and simple. 

Recall the notation (V,c, V',c') = (ax,b%,--- , a,£, be, c, a' 1; b[, ■ ■ ■ ,a'^,b' e ,cf) € 
Z^lXG). If (V,c,V',c') G (Z e ^ t (G)//G x G) r , then there exists (51,32) such that 
(gi,g 2 ) ■ (V,c,V',c') = (V'c',V,c), i.e. 

9192V g^gi 1 = V, gmdg^g^ 1 = c', g 2 g\Vgx X g 2 x = V, g 2 g\cg^ y g^ 1 = c 
This implies that 

3i52 € G a >. n G b ' t n G c , a . c ,-i n G c , biC ,-i and g 2 gi € G a% n G h% n G ca ^ c -i n G cb >. c -i . 

Thus, if (V, c, V, d) <= Z^ t (G) simp then 9l g 2 <= Z{G) and g 2 g x <= Z(G). Thus, 
(id,g^)-(V,c,V',c') = (V,cg 1 ,g^ 1 V'g 1 ,g^ 1 c') = (V, c 5l) V, c^fo" 1 ^ 1 )). In other 
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words, if (V,c,V',c / ) G (z£ a * (G) simp //G x G) r , then (V,c,V',c') is equivalent to 
(V, d, V, dr) for some deG and r € Z(G). This tells us that: 

(4at(G) simp //G x G) T = (Z e ^ t {G) smooth /G x G) T = Pr( \J 7V r smooth ) 

reZ(G) 

where Pr : ^(G)"" 1 ->■ ^(G^/G x G = Z^{G)//G x G is the projection to 
the quotient space, and 

AT r - {(V, c, V, cr)} n Z^ t (G), JV r smooth = JV r n Z^ t (G) smooth . 

Lemma 4.3. Let N* cd = N r n ^(G)"**. TTierc Pr(N* ed ) = Pr(iV s rod ) i/f r = si 2 
/or some t G Z(G) ; and Pr(7V r smooth ) n Pr(iV s smooth ) = iff r ^ st 2 for some 
t G Z(G). 

Proo/. We first show that if r = st 2 for some t € Z(G), then Pr(7V r rcd ) = Pr(7V s rcd ). 
If (V, c, V, cr) G iV r , then (V, ct, V, cts) G and 

(id, t) ■ (V, ct, V, cts) = (V, ctt~ l ,V, tcts) = (V, c, V, ct 2 s) = (V, c, V, cr), 

i.e. Pr(iV; cd ) G Pr(N r s cd ). Similarly, Pr(N r s cd ) G Pr(N r r cd ). Thus, Pr(7V r rcd ) = 
Pr(N T s ed ). 

Next we want to show that Pr(7V r smooth ) n p r (iV s smooth ) = iff r ^ st 2 for some 
i G Z(G). Notice that the condition (|4.ip for simple points now becomes the condi- 
tion gj): nf =1 (G Qi nG b! nG CQiC -inG cb!C -i = Z{G)). Suppose [x] G Pr(iV r smooth )n 
Pr(N s s mooth ). Then there are {V,c,V,cr) G 7V r smooth and (V'c 1 , V, c's) G jV| mooth 
such that x = {gi,g 2 ) ■ (V, c, V, cr) = (V, c', V',da). This gives us g^g^Vg^gi 
V and g^gic = c(.gf 1 <7 2 ) _1 sr _1 . The first equality implies that g~{ x gi G n| =1 (G 0i n 
GhJ. The second equality plus the first equality implies that <?f (?2 G nf =1 (G ch . c -in 
G^c- 1 )- Thus, gi g% G n| =1 (G aj (IG^ nG ca . c -i nG c &. c -i), and since this point is 
simple, it implies that g\ g-i G Z[G). However, gj" 1 gicg~{ X g2 — csr~ x . we conclude 
that r = s(gj~ 1 g2) _2 j a contradiction. □ 

We conclude that 

(Z^ t (G) smooth /G xG)'= |J Pr(iV r smooth ) 



is a disjoint union. By the definition of the map I, i"(Hom(7ri(£f ), G) slmp //G) = 
Pr(iV™ looth ). Thus, we see that the map I is surjective if and only if Z{G) = 2Z(G). 

Let [{V,c)] and [(V',c')] be two points in Hom(7r 1 (E f 1 ), G) simp //G. If they map 
to the same point under I, then there exists ((71,(72) G G x G such that (31,52) ■ 
(V,c,V,c) = (y',c',y',c')- Again we have g^ 1 9iV {g^ 1 92)~ x = V and g^gic = 
c (9i 9%)~ Similar to the argument in Lemma 14. 3[ we see that g^gi G Z(G) 
and (Si" P2) 2 = ec. If (V, c) and (V',c') are equivalent under the G action, then 
it's necessary that (71 = 92, otherwise it will contradict to the assumption that 
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they are both simple. Thus, for each point in Pr(N*™ ooth ), the cardinality of its 
preimage in Hom(7Ti(£f ), G) slmp //G under I is precisely the number of elements 
in the center of G for which its square is the identity element. In other words, 
the map I is a \Z(G)/2Z(G)\ : 1 covering map from Hom(7ri(S), G) smooth /G onto 
Pr(N*™ ooth ) C (Hom(7ri(E),G) smooth /G) T . 

The fixed point set is a disjoint union M z<go Pr(N^ mooth ), but we have only 

rE 2Z(G 

identified Pr(N^ ooth ) with the image of the moduli space Hom(7ri(E), G) smooth /G 
over the nonorientable surface. In the rest of this section, we would like to give a 
description for the full fixed point set 

(Hom(7r 1 (E),G) smooth /G) T = (J Pr(N° mooth ). 



VE 2Z(G) 



Consider now a random complex semi-simple Lie group H and denote its uni- 
versal covering by H . Let p : H — > H be the universal covering map and we also 
use p to denote the map from H 2i+1 to H 2l+1 . Consider 



C r ^ {( ai) ■ • • , b t , c) e H 2i+1 \ Y[[ ai , h] = c 2 r} C H 2i+1 



del 

Uai, • • • ,Oi,c) fc ii 
for each r e 7ri(ff) = Kerp C Z(H). 



Lemma 4.4. Let D r d = p(C r ) C Hom(7ri (Sf ), H). Then, 

(1) 7/n ^ r 2 m it 1 (H)/2tt 1 (H) then D ri n £> r2 = 0. 
(2) 

RomimCSi), H)//H= |J L> r //ff 



re 



'l(H) 



is a disjoint union. 



Proof. It is clear that p _1 (Hom(7Ti(5]i), If)) = UreKorp^r, so (2) is true if (1) is 
proved. Now to prove (1), assume that it is false, i.e. D ri n -D r2 7^ ; then there 
exist (ai, • • • ,be,c) € G ri and (a' 1; • • • ,6^, c') g G r2 such that p((ai, • • • ,be, c)) = 
p((oi,--- , 6^,c')). In other words, aj = a-Sj, 6j = c = c'u for some Sj, 

ti, u G Kerp C Z(#). Thus, n - rLtiK^K 2 = n1=iK s i> &&](c'«)~ 2 = 
rii=i[ a i' ^]( c ')~ 2m ~ 2 = r 2«~ 2 , which is a contradiction. □ 

Definition 4.5. 4 pom£ a; m C r is called simple if it descends to a simple point 
in p(C r ) = D r . In other words, if x = (a\, b\, ■ ■ ■ , ae, bg, c) e C r is called simple if 
p{x) e D r is simple, i.e. if nj =1 {H p(ai) n H p{bi) n H pica . c -i } n ^ p(c6 . c -i)) = 



Now back to the case we are interested in. If apart from being complex semi- 
simple, our structure group G for the moduli space of Higgs bundles is also simply 
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connected, then we can consider the moduli space whose structure group is the 
projective group PG = G/Z(G). Let H = PG, H = G, then m(H) = Z(G) and 

Hom( 7 r 1 (Sf), PG)//PG= {J D r //PG 

' fe 2Z(<S) 

is a disjoint union following Lemma 14.41 

In general, there is no relation between the intersections nf =1 (-ff p ( a .) (1 -ffp( bi ) n 
H p ( eaiC -i) n ff p ( cb . c -i)) and n| =1 (-ff aj H P;,, n Hca iC -i H H cb . c -i). However, in the 
special case that -ff = PG and H = G, there is some relation: 

Lemma 4.6. Assume that H — GjZ(G) where G is a complex, semi-simple, and 
simply connected Lie group. If x = (oi, &i, • • • , ag, be, c) € C r is a simple point, then 

nf = i(G Bl n G b , n G CQiC -i n G cbiC -i) = z(G). 

Proof. Let ,g G nf =1 (G 0i n G bl n G CQiC -i n G cbiC -i ). Thus, go^g -1 = a*, go;^ 1 = o t , 
gcb i c~ 1 g~ 1 = c^c -1 , gca i c~ 1 g~ 1 = ca,c _1 . Thus, piga.g^ 1 ) = p(a»), p(gb i g^ 1 ) = 
p(bi), p(gcb i c" 1 g' 1 ) = p(c6iC _1 ), p(gca l c~ 1 g^ 1 ) = pfcajC -1 ). Thus p(.g) G Z(-ff) 
since x is simple. However, since P = G/Z(G), we have Z(H) is the trivial group 
and so 5 G Kerp = TTi(ff) Z{G). Thus Z(G) C n| =1 (G 0j H G bi n G ca . c -i n 
G AiC -x) C Z(G). □ 

Remark 4.7. Notice that, the converse is false. The condition that nf =1 (G ai f~l 
G bi H G ca . c -i n G cbiC -i) = Z(G) does noi imply that (01,61, ••• ,ai,b(,,c) is simple. 

Recall that 

P r (iV r smooth ) = {[(ai, • • • ,6,,c, ai , • • • ,&*«•)]} C Z^ t (G) smooth /G x G 

A{[(ai,-- - .fi/.cft/c- 1 ,.-- ,ca lC - 1 )]}cHom(7r 1 (S),G) simp //G 

t 

(4.3) = {(a 1; • • • , b f „ cb e c-\ ■■■ , ca lC - 1 ) G (G)«| JJ^, h] = c 2 r} sh ^//G 

i=l 

Consider the surjective map 

t 

* : G r jjG -> {(ai, • • • , 6 /s cft/c" 1 , • • • , caitT 1 ) G {G) u \ JJ[ai, &i] = c\}//G 

8=1 

[(ai,-- - , 6^,c)] i ^ [(ai,-- - ,6£,c6^c _1 , • • • , caic -1 )], 
It is not one to one. In fact, we have the following: 

Lemma 4.8. The map ^ is a \Z(G)/2Z(G)\ : 1 covering map on the simple points. 



Proof. Let [(V, c)] and [(V',c')] be two simple points in C r //G. Suppose that their 
images under this map \& are the same [(V, ct(V)c -1 )] — [{V , c't(V)c' -1 )]. Then 
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there exists g £ G such that g(V, cr(V A )c~ 1 )g" 1 = (V, cfx(V')cf~ x ). Thus we have 
(c , )~ 1 gcg~ 1 £ G b > H G Q /. On the other hand, (V,c), (W) € G r implies that 

m(V>~ 2 = r = m(T/')(c')~ 2 = ffm(\0s -1 (</) -2 - g(?rg-\d)~ 2 

and thus c'gc~ 1 g~~ 1 — (d) gcg . 

We also have c'gc~ 1 g~ 1 £ Gc'fe^c')- 1 smce ( c> 9 c ~ 1 9~ 1 )c'b' i (c')~ 1 (c'gc ~ l g~ l ) _1 = 
c'^(c') , and similarly dgc g £ G c / a < .( c ')-i • 

Therefore we see that c'gc~ 1 g~ 1 £ nf =1 (G a< n G^ n G ca . c -i n G cb . c -i). Lemma 
123 then tells us that c'gc^g^ 1 £ Z(G). Denote s = c'gc^g^ 1 £ Z(G), then 
m(V' / ) = (c') 2 r = gc 2 g~ 1 s 2 r and m(V') = gm(V)g~ 1 = g<?rg~ x . Thus, s 2 = e G . 
In other words, we have a! i = gaig , b[ — gbig ' , c' = gcg~ 1 s with s € Z(G) 
and s 2 = ec- Again, if s 7^ eg then [(V, c)] 7^ [(V',c')], i.e. each s represents 
one different equivalent class in C* imp //G. Thus, this map is a \Z(G)/2Z(G)\ : 1 
covering map on the simple points. □ 



To summarize the discussion in this section, we conclude with the following 
theorem: 

Theorem 4.9. Let G be a complex semi-simple Lie group. The fixed point set 
(Hom(vri(E), G) smooth /G) r of the smooth moduli space Hom(7Ti(E), G) smooth /G un- 
der the involution r consists of complex submanifolds (since G is complex and we 
consider only the simple points) jVq, M\ r (1 < A r < \Z(G)/2Z(G)\ — 1) where 

(1) A/" d = P r {N^ ooth ), N\ r d = P r {N^ mooth ), and X r is the image of r £ Z{G) 
under the map Z(G)/2Z(G) -> \Z(G)/2Z(G)\ C NU{0} where the identity 
element ec is sent to 0. 

(2) The smooth moduli space Hom(7ri(E),G) sim P//G over the nonorientable 
surface is a \Z(G)/2Z(G)\ : 1 covering space of the submanifold Ao- In 
particular, if\Z(G)\ is odd, then Hom(7Ti(E), G) slmp //G is homeomorphic 
to the fixed point set (Hom(7n(E), G) smooth /G) T since it only contains No 
in this case. 

(3) Assume further that G is simply connected. Then the Betti moduli space 
Hom(7Ti (E), PG) I/ PG for the nonorientable surface E with structure group 
the projective group PG = G/Z(G) is a disjoint union of p(C r //G) for all 
r £ Z{G)/2Z{G), where p is the universal covering map G — > PG. More- 
over, each Cf mp //G is a \Z(G)/2Z(G)\ : 1 covering space of the submani- 
foldN Xr - 

Remark 4.10. (1) Notice thatC ea //G is exactly Hom(7ri(E), G)//G, so when 
G is simply connected, statement (3) above implies statement (2). 
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(2) Geometrically, C r // G can be viewed as the representation moduli space over 
a punctured surface, where the holonomy along the boundary is described 
by r. 



Since p(r) — en for all r € Z(G) — Kerp here, we have p((V, c, V, cr)) = 

smooth)) c p r (^smooth y Q n the 



(p(V),p(c),p(V),p(c)) and so p(U re ^I PrW 

' c 2Z(G) 



other hand, let (V, c, V, c) be any element in Pr(iV|™ ooth ) and pick any lifting &«, 6j 
and c in G for a*, 6j and c. m(V)c~ 2 = ejj implies that m(V)c~ 2 = r for some 

))■ 



r e Kerp, i.e. (V,c, V,cr) € iV r and so P^TV™* 11 ) c p(M c z (G) P r (JV. 

rfc 2Z(G) 

Thus, we can reformulate Theorem 14 . 91 with the following diagram: 



smooth 



£fsimp a q _ Hom(Ti(£),G)' 

n 

I L r Z(G) Cf mp G 

/tz 2Z(G) 
P 



rl=i 



I 2Z(G) I- 1 



Hom(7ri(S),G) a 



-r 



[ J rc p r (Nr ooth ) 

' c 2Z(G) 



■* ( 



Hom(7ri(S),g) 3moot 



•) r = P r (iV™ ooth ) 



- Z(G) 

- 2Z(G) 



C*™ n P//G) 



p(U 



re 



Z(G) 

2 z i ( ; i 



oth 



5. Symplectic Structure 



In this section, we show that there is a natural symplectic structure on the 
Hitchin moduli space over a nonorientable surface. We will show this via two 
different approaches. The first approach is to show that the smooth part of the 
Hitchin moduli space over a nonorientable surface is a fixed point set of a symplectic 
involution of a symplectic manifold. The second approach is to realize the Hitchin 
moduli space over a nonorientable surface as a symplectic quotient. 

Recall the three distinct symplectic structures on the cotangent bundle T*A(P) 
of the space of connections A(P) over a Riemann surface £: 

For (6,0, G T (A<f>) (T*A(P)) S adP) 8 adP), the three 

natural symplectic forms arc defined as: 



wi((0,O>OM)) = 

wa((0,O,OM)) = 

W3((0,O.OM)) = 



Tr(9Atf-£A?7 



Ti 6 Ar) — $ A £ 



Tr (9 A *r? - £ A *tf 
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with three corresponding moment maps 
(J-space: 

m(A,4>) = 



that all make T*A(P) into a Hamiltonian 

: F A -<f>A<f> 
■- d A cj) 

: d\<f> 



The Hitchin moduli space VW(£,P) over £ can be viewed as a hyperkahler 
quotient of T*A(P) by the gauge action though we do not use the compatible 
complex structures here. To be precise, 

The three symplectic forms u)\, u>2, <^3 on T*A{P) descend to f2i, £^2 , and O3 on 
(the smooth part of) the moduli space A4(S,P) via hyperkahler quotient theory 
(Fill IHITI IHKLR) 

5.1. Symplectic involution. 

Lemma 5.1. Let M be a smooth manifold and H be a compact Lie group acting 
on M . If m is a fixed point of the H action, then H induces an action on T m M 
andT rn {M H ) = (T m M) H . 

Proof. Since H is compact, Bochner's Linearization Theorem tells us that, there 
exists a H- invariant open neighborhood U of m, and a ii-equivariant diffeomor- 
phism F from U onto an open neighborhood V of in T m M, such that F(m) = 0, 
dF m = id : T m M -> T m M. Clearly T m (M H ) C (T m M) H . 

First we show that the restriction F : U n M H V D (T m M) H is also a dif- 
feomorphism. If m G U (1 M H , i.e. h.m = m then F{m) = F(h.m) — h.F(m), 
i.e. F(m) is fixed by H, so F(U n M H ) <Z V C\ (T m M) H . If u e V n {T m M) H , 
then since F : [/ — > is a diffcomorphism, there exist a unique met/ such that 
F(m) = v. Thus F(h.m) = h.F(m) = h.v = v = F(m) which implies m € UC\M H . 
Thus F : C/ n M H — > V n (T m M) H is a diffcomorphism since J7 and V are open 
neighborhoods. 

Let u be a vector in Vn(T m M) H , since V n (T m M) H S T (7n(T m Af) H ), there 
exists a curve € V fl (T m M) H such that u(0) = and f'(0) = v. Now since 
F : UnM H -> Fn(T m M) H is a diffeomorphism, there exists a curve r(t) G UC\M H 
such that F(r(t)) = v(t). Thus, r(0) = to and dF m (r'(0)) = v. Now since c?F m is 
the identity map, it implies that r'(0) = u and thus T m (M H ) = (T m M) H . 

Notice that, if M is finite dimensional, the proof can be simplified as follows: 
since F is a 77-equivariant diffeomorphism then dimM^ = dim(T m M) H , i.e. 
dimT m (M H ) = dim(T m M) H and so T m (M H ) = (T m M) H for dimensional rea- 
sons since T m (M H ) C (T m M) H . □ 
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Proposition 5.2. Let (M 2n ,uj) be a symplectic manifold and t : M — > M be a 

symplectic isometric involution on M. If the fixed point set M T of t is nonempty, 
then M T is even dimensional. In particular, (M t ,i*uj) is a symplectic manifold 
(possibly disconnected) , where i : M T — > M is the inclusion. 

Proof. Since r is an isometric involution, at to € M T , we have a decomposition of 
T m M into eigenspaces: 



and we denote the eigenspaces by (T m M) and (T m M) + respectively. Lemma EH] 
shows that T m (M T ) = (T m M) + since Z2 is compact. 

It is straightforward to check that ui(v, u) — if v € (T m M) + and u <E (T m M)~: 
Let v € (T m M) + and u G (T m AI)~ then uj(v,u) = t*uj(v,u) = u{t*v,t*,u) = 
w(v, —u) = —uj(v, u) which implies that uj(v, u) = 0. 

Restricting the symplectic form u> on M T ' , we get a two form i*u> which is closed, 
since di*u> = i*dw = 0. To say that i*uj is non-degenerate on M T , we just need 
to show that, if uj m (v,w) = for all w € T m (M T ) = (T m M) + , to e M T , then 
v = or v G (T m M)~ . Suppose this is not true, then there exists a nonzero 
vector vo € (T m M) + such that Lo m (vo,w) = for all w £ (T m M) + . Let u be any 
vector in T m M, then u = u + + u~ where u € {T m M) ± . We have uj m (vo,u) = 
w m (vo,u + ) + Lu m (va,u~) and (jj m {vQ,u + ) = by assumption. We have already 
shown that uj m (x, y) = for any a; € (T m M) + and y € (T m M)~ . Thus uj m (vo, u) = 
+ uj m (vQ,u~) = for all u € T m M. However, uj is non-degenerate on M, a 
contradiction. Thus vo must be zero or vq e (T m M)~ . We conclude that (M T , i*lu) 
is symplectic and thus even dimensional if M T is nonempty. □ 

Lemma 5.3. Let M(T,,P) be the Hitchin moduli space over a Riemann surface 
thus is hyperkahler on the smooth part with three symplectic forms Q\, Q2, ^3 
defined earlier. Consider an involution r on the moduli space P) (notice that 

there are many involutions on the moduli space induced by the deck transformation) 
induced by the deck transformation on the Riemann surface S ( which is orientation 
reversing and without fixed points) . Then the involution r is a symplectic isometry 
with respect to O3 but anti- symplectic with respect to £!i and ^2- 

Proof. Using the fact that r is an orientation reversing map and t** = — *t*, a 
direct calculation shows: 



T m M H»£ T m M I t,v 



»}®K T mM I T«l) = V} 



r*«i((0, 0, (0, V)) = ui((r*0, r*0, (r*tf, T*n)) = [ 



Tr T*8AT*tf-T*£/\T*n 
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r*«a((fl,0, =W2((r*^r*C),(T*i?,T*77)) = / Tr t*0 A r*?7 — r*i? A t*£ 



Tr t*(6 Arj-'&AC) = / — Tr (8 A rj — $ At;) 

T*u 3 ((6, 0, (0, »?)) = w 3 ((r*0, r*0. '■*'?)) = / Tr ^ A *r* ?/ - r*£ A *r*tf 
Tr r*6» A (-r* *rj) — t*£ A (-r* * i?) 

= / -Tr t*{8 A *r) - £ A = / Tr A r) - £ A*i9 
= «a((0,O>('M))- 

Thus r is anti-symplectic with respect to wi, uj^ and symplectic with respect to 
W3. Now since f2i, fl2 and were induced by wi, W2 and via the symplectic 
reduction, r is anti-symplectic with respect to fii, ^2 and symplectic with respect 
to Q 3 . □ 

Recall in Section Theorem 14.91 shows that the natural map 

I : (J.M(£,P) smooth -> (|JX(E,P) smooth ) r 
[•P] [P] 
is a covering map onto A/" C (Hom(7ri(E), G) sinip //G) T S (U [P] .M(£, p) smooth )^. 
Thus, we have: 

Theorem 5.4. 27ie Hitchin moduli space P) /ias a natural symplectic struc- 

ture on the smooth part. 

Proof. Following Proposition 15.21 and Lemma 15.31 we see that the fixed point set 
(7W(E,P) smooth ) T C (Hom(7ri(l]),G) sim P / /G) T is symplectic. The image under 
I of the smooth moduli space P) smooth ) = Af n M{t,P) T is a union 

of components of (A4(E, P) smooth ) r . Thus we obtain a symplectic structure on 
-M(E, p) smooth under the pull back of the finite covering map I. □ 

Remark 5.5. A priori, we only know that the dimension of the moduli space 
.M(E, P) smooth is even by Provosition \5.2\ However, since Lemma \5.3\ implies that 
(M(t,P) smooth ) T is a Lagrangian submanifold of M{£, P) smooth with respect to 
both Qi and SI2, so the dimension o/.A/J(£, P) smooth must be half of the dimension 
o/X(S,P) smooth . 

5.2. Symplectic reduction. Another view point is to realize the Hitchin moduli 
spaces over nonorientable surfaces as a symplectic quotient. 

Let us consider a Hamiltonian G-space (M, u, fj,) where G is a compact Lie group 
and the action is free. Let r : M — > M and a : G — > G be two involutions. The 
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involution a : G — > G induces an involution on g and an involution on g* both of 
which, for convenience, we will denote by a also. Clearly, both G a and M T could 
be empty and even when they are nonempty, they may be disconnected. 

Lemma 5.6. Let g ± c be the ±l-eigenspace of a : g — > g and (g*) ± the ±1- 
eigenspace of a : g* — > g*. Then (g ± )* = (g*) ± - 

Proof. Since g 1 C g are the ±l-eigenspace of a : g —> g, then g = g+ ffi g~ and 
g+ = Lie((G CT ) Q ) = Lie(G CT ), where (G a ) is the identity component of G° '. Now 
if we identify the annihilator of g 1 * 1 with the dual space (g T )* then we have g* — 
(g~)*©(g + )*- Clearly g* has an eigenspace-decomposition g* = (g*) + ®(g*) _ with 
respect to the involution a : g* -> g*. Let £ = € = + ©0~- If / € (g - )*, 

then a(/)(0 = f(a(f) + <?(£~)) = - /(D = -/(*+) - /(D = -/(£) 

where we used = = — since the annihilator of g + is identified with 

the dual space (g - )*. Thus / G (fj*)~. Similarly, if / G (g + )* then / G (g*) + , 
i-e. (g ± )* C (g*)±. On the other hand, if / G (g*)+ and £ G 0~ then /(£") = 
- /Mr)) = /(-D - -/(D, i-e. /(D = for all In other 

words, / is in the annihilator of g~ i.e. / G (g + )*. Similarly, if / G (g*)~ then 
/ G Or)*. Thus (g*)± C (g±)* which now implies that (g*)± = (g ± )*. 

Notice that if G is finite dimensional, the proof can be simplified: since (g*) + © 
(g*)~ and (g + )* © (0 - )* are two decompositions of the same space g*, together 
with (g ± )* C (g*) 1 * 1 we conclude that (g^)* = (g*) ± for dimension reason. □ 

We say that these two involutions r and a are compatible with the G-action if 
the following two statements are true: (cf. }OSj ) 

(1) r(<7 • m) — a{g) ■ r(m); and 

(2) ju(r(m)) = a(fi(m)), when r : M — > M is symplectic 
or 

(2') //(r(m)) = — cr(/i(m)), when r : M — >• M is anti-symplectic. 

Theorem 5.7. Given a Hamiltonian G-space (M,u>,fi) where G is compact and 
the action is free. Let r : M — > M be a symplectic involution and a : G — > G 
be an involution. Assume that they are compatible with the G-action and that M T 
and G" are nonempty. Then (M T h\mt) is a Hamiltonian G a -space, where 
i : M T — > M is the inclusion. In particular, is a regular value of [i\m t , and 
(a*|m t ) 1 (0)/G CT is a symplectic manifold. 

Proof. To show that G a is a compact Lie group, we only need to prove that G a is 
a closed subgroup of G. Let x, i/eG", 

o-{xy)r{m) = r(xym) = a(x)r(ym) = a(x)a(y)T(m) = xyT(m) 
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for all m € M. Thus (xy)~ 1 cr(xy) € C\ m eMG T ( m y Since the action is free, we see 
that a(xy) — xy and xy € G a . In other words, G a is a subgroup of G. Given a 
sequence {x n } e G° ' . Assume that x G G is the limit point of the sequence. Then 

x = lim x n = lim a(x n ) = er( lim x n ) = a(x) 

n— 7-oc n— >oo n— s-oo 

since cr is continuous. Thus, G a is closed. Moreover, since G action on M is free, 
G a action on M T is also free. 

If m e M T then cr(^(m)) = ^(t(to)) = /x(m), i.e. ^(m) e = — 

(Lie(G^))* ^ (Lic(G CT ))*. Thus /J,{M T ) C ( +)* and ^ | M r is G CT -equivariant since 
\i is G-equivariant. 

If v e T m M T then u = r'(0) for some r(f) e M r . Let # e G a , then r(gr(t)) = 
a{g)r{r{t)) = a(g)r(t) = gr(t), meaning gr(t) € M T and g*(v) G T m M T . Thus, 
(i*w) m («i,U2) = w m (i*«i,i«u 2 ) = ^g.m(9*i*vi,g*t*v 2 ) = u g . m {i*9*Vi,i*g*v 2 ) = 
(t*u)) g . m {g*vi,g*v 2 ) for all g £ G 17 where we used that to is G-invariant, i.e. 5*0; = co 
for all 5 G G. In other words, i*w is G CT -invariant. 

For all £ e g+ and X e T m M T , 

(i*uj) m (^ (m), X) = io m ^ M {m), X) =< d^ n {X)^ >, 

since 1 is an inclusion and the original action is Hamiltonian. Thus, we have shown 
that (M T , i*u), h\m^) is a Hamiltonian G CT -space. 

Since C'-action is free and G a is compact, we have that is also a regular value 
of h\m^ and (/x|m t ) _1 (0)/G ct is a symplectic manifold. □ 

Remark 5.8. The compatibility of the two involutions t and a with the G-action 
only implies that r(/i~ 1 (0)) C /i~ 1 (0), but it does not imply that /i (0) fl M T 7^ 0. 
Nevertheless, in the case of the Hitchin moduli space studied in this paper, this 
intersection is always nonempty. 

Remark 5.9. Notice that, even if the G-action is not free, the assumption that 
is a regular value of [i can still imply that is a regular value of \i\m^ ■ 

Example 5.10. Consider (C 3 ,cj,$) a Hamiltonian (S 1 ) x3 -space where 

(*i,*2,*3) ' (zi,z 2 ,z 3 ) = (tlZl,t 2 Z 2 ,t 3 Z 3 ) 

*{Z 1 ,Z 2 ,Z 3 ) = ±{\Z 1 \ 2 ,\Z 2 \ 2 ,\Z 3 \ 2 ) 

lu = (dzi A dzi + dz 2 A dz 2 + dz 3 A dz 3 ) 

Consider an involution r : C 3 — > C 3 defined by [z\, z 2 ,z 3 ) 1— > (z\,z 3 ,z 2 ) and an 
involution r : (S' 1 ) x3 -> (S' 1 ) x3 by {t x ,t 2 ,t 3 ) ^ (t l ,t 3 ,t 2 ). 

Clearly, r is symplectic t*uj = to and the group action is compatible with both 
involutions t {{t\,t 2 ,t 3 ) ■ (21,22,23)) = r ((ii, t 2 , t 3 )) ■ r ((21, 2 2 , 23)). 
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The fixed point sets M T — {(21,22,23) G C 3 | 22 = 23} = C 2 , and G T — 
{(^1,^2,^3) G (S 1 ) 3 I ti = £3} = (S' 1 ) ><2 . 77ie pw/Z back symplectic form on C 2 is 
now 

— dzi A dz\ + y/—ldZ2 A e?22, 

and the moment map with respect to the (S 1 ) x2 action is now 

<S>(z 1 ,z 2 ) = (±\z 1 \ 2 ,\z 2 \ 2 ). 

Recall that a flat connection on a Riemann surface is called simple if it has min- 
imal isotropy. We define a flat connection on a nonorientable surface to be simple 
if its lifting to the orientable double cover is simple. Notice that this definition is 
compatible with the definition for simple representations in the Betti moduli space 
defined in Section |4j In the companion paper [HW], we will give a different defini- 
tion for simple connections on a nonorientable surface and show that the definition 
here and the definition there are equivalent and that they correspond precisely to 
the smooth points on the de Rham moduli space, when they are also reductive. 

We then define the following subspaces of T*A(P) over E: 

F t (P) = {(6,0 G T*A(P)\ Curv(9 + V=10 = 0}, 
if mp (P) = {(9,0 G F t (P)\ 9 + v^l£ is simple}; 
F£ d (P) = {(9,0 G F t (P)\ 9 + is reductive}; 

i^ mooth (P) = {(9,0 g F| cd (P) n F| mp (P)} 

and similarly define some subspaces of T*A(P) over S: 

F S (P) = {(A, a) G T*A(P)\ Curv(A + y/^la) = 0} 

F^ mp (P) = {(A, a) £F S (P)\A + V^Ta is simple} 

F£ d (P) = {(A, a) G F S (P)\A + yf^la is reductive} 

F™ ooth (P) = {(A, a) £ Fg d (P) n F* imp (P)} 

where 9 + y/—l£ and A + \J—\a are viewed as K c connections. Notice that we use 
the terminology smooth and not irreducible here because while irreducible connec- 
tions on a Riemann surface correspond to the smooth points in the moduli space, 
irreducible connections on a nonorientable surface are not necessarily the smooth 
points in the moduli space, and they don't always lift to irreducible connections on 
a Riemann surface either. This will be explained in detail in |HWj . 

It was explained in Section 2 that the deck transformation r : S — > £ induces 
involutions r : P — > P such that P = Pjr and thus isomorphisms between the 
following spaces: 

Q = Q\ Fx = FT, F* imp £* (F| m T, 

TTired rv^ / 77ired\r /^smooth / psmooth^T 
-^E = ) ) *E = (i'f; J • 
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The following theorem is then a corollary of Theorem 15.71 

Theorem 5.11. The smooth Hitchin moduli space p) smooth over a nonori- 

entable surface £ is a symplectic manifold and can be viewed as a symplectic quo- 
tient. 

Proof. Recall that the smooth Hitchin moduli space M. (E, p) smooth 0V er a Riemann 
surface E can be constructed by taking the symplectic reduction of F|, lmp (P) with 
symplectic form uj 3 by Q at the zero level set of the moment map /13 (cf. [Hifl lFuj ). 
The involution r induced by the deck transformation acts on F% and Q and is 
compatible with the Q action. Now since the center of the gauge group acts trivially 
on connections and the isotropy at simple points of the gauge group is precisely the 
center, so the action of the gauge group modulo the center is free and the moduli 
space by this quotient group is the same as the moduli space by the whole gauge 
group. Thus, the gauge action can be viewed as free action on the set of flat simple 
points. Thus, Theorem 15.71 tells us that the action of Q T on ((F^ mp ) T , 1*0^3) is 

Hamiltonian with moment map fj,3\ (F mmp^ T = n(A, a) — d* A a. Recall that d* A a on 

T*A{P) = {T*A(P)) T was defined in definition [2H The zero level set in (F| mp ) T 
of the moment map /Lt3Lp,sim P > T is precisely the set of solutions to the Hitchin's 
equations on the nonorientable surface E (cf: Section [3]) that are simple. Thus, by 
taking the quotient of (/Z3|,p,simp., r ) (0) by Q T , we arrive at the smooth Hitchin 
moduli space .M(E, p) smooth over a nonorientable surface E which, by Theorem 
15.71 is constructed as a Marsden-Weinstein quotient and thus is symplectic. □ 
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